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RATIONAL MAPS WITH RATIONAL MULTIPLIERS

VALENTIN HUGUIN

ABSTRACT. In this article, we show that every rational map whose multipliers
all lie in a given number field is a power map, a Chebyshev map or a Lattes
map. This strengthens a conjecture by Milnor concerning rational maps with
integer multipliers, which was recently proved by Ji and Xie.

1. INTRODUCTION

Suppose that f: C — C is a rational map. A point zg € C is said to be periodic
for f if there exists an integer p > 1 such that f°P (z9) = 2¢. In this case, the least
such integer p is called the period of zp and {f°™ (2) : n > 0} is said to be a cycle
for f. The multiplier of f at 2y is the unique eigenvalue A € C of the differential of
foP at zg, so that A = (f°P) (z) if 2o € C. The map f has the same multiplier at
each point of the cycle. Furthermore, the multiplier is invariant under conjugation:
if ¢: C — C is a M&bius transformation and g=¢ofopt then ¢ (z) is periodic
for g with period p and multiplier .

The notion of multiplier is fundamental in complex dynamics and plays a major
role in the study of both local and global dynamics of rational maps. Furthermore,
multipliers almost determine rational maps up to conjugation: aside from flexible
Lattes maps, there are only finitely many conjugacy classes of rational maps that
have the same collection of multipliers at each period (see [McM87, Corollary 2.3]).

The purpose of this article is to show that the multipliers of a rational map do
not all lie in a given number field unless the rational map is exceptional.

Definition 1. A rational map f: C— Cof degree d > 2 is said to be a power map
if it is conjugate to z — 2+,

For every d > 2, there exists a unique polynomial Ty € C[z] such that
Ty (z + 2_1) =204 77,
The polynomial T, is monic of degree d and is called the dth Chebyshev polynomial.

Definition 2. A rational map f: C — C of degree d > 2 is said to be a Chebyshev
map if it is conjugate to £7}.

Power maps and Chebyshev maps are exactly the finite quotients of affine maps
on cylinders (see [Mil06, Lemma 3.8]). There are also finite quotients of affine maps
on tori.

2020 Mathematics Subject Classification. Primary 37P35; Secondary 37F10, 37P05.

The research of the author was supported by the German Research Foundation (DFG, project
number 455038303).

©0000 (copyright holder)



2 VALENTIN HUGUIN

Definition 3. A rational map f: C — Cof degree d > 2 is said to be a Lattés map
if there exist a torus T = C/A, with A a lattice in C, a holomorphic map L: T — T
and a nonconstant holomorphic map p: T — C that make the following diagram
commute:

L
_

=
) —=
ﬁ)‘T%

SN
f
Furthermore, if p has degree 2 and L is of the form
L:z+A—az+b+ A, with a€Z, beC,
then f is said to be a flexible Lattes map.

Power maps, Chebyshev maps and Lattés maps play a special role in complex
dynamics and are sometimes called exceptional. For example, their multipliers all
lie in a discrete subring of C.

Proposition 4 ([Mil06, Corollary 3.9]). Suppose that f: C—oCisa power map
or a Chebyshev map. Then f has only integer multipliers.

An imaginary quadratic field is a number field of the form Q (2\/5), with D a

positive integer. Given a number field K, we denote by O its ring of integers.

Proposition 5 ([Mil06, Corollary 3.9 and Lemma 5.6]). Suppose that f: C—C
is a Lattés map. Then there exists an imaginary quadratic field K such that the
multipliers of f all lie in Ok . Furthermore, the multipliers of f are all integers if
and only if f is flexible.

We are interested in the converse of Proposition 4 and Proposition 5. In [Mil06],
Milnor conjectured that power maps, Chebyshev maps and flexible Lattes maps are
the only rational maps that have only integer multipliers. This problem was first
studied by the author in [Hug21], where the conjecture was proved for unicritical
polynomial maps and cubic polynomial maps with symmetries. More generally, we
may wonder whether power maps, Chebyshev maps and Lattes maps are the only
rational maps whose multipliers all lie in the ring of integers of a given imaginary
quadratic field. In [Hug22], the author gave a positive answer to this question for
quadratic rational maps. The general case was finally settled by Ji and Xie, who
thus proved Milnor’s conjecture.

Theorem 6 ([JX22, Theorem 1.13]). Assume that K is an imaginary quadratic

field and f: C — C is a rational map of degree d > 2 whose multipliers all lie in
Ogk. Then f is a power map, a Chebyshev map or a Lattés map.

In fact, the author proved in [Hug21] that every unicritical polynomial map that
has only rational multipliers is either a power map or a Chebyshev map. Thus, we
may wonder whether Theorem 6 still holds if K is an arbitrary number field and
the multipliers of f are only assumed to lie in K. We provide a positive answer to
this question.
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Theorem 7. Assume that K is a number field and f: C — C is a rational map of
degree d > 2 whose multipliers all lie in K. Then f is a power map, a Chebyshev
map or a Lattés map.

We note that Ji and Xie’s proof of Theorem 6 makes crucial use of the fact that
the multipliers all lie in a discrete subring of C, whereas the set of multipliers may
a priori have limit points under the assumption of Theorem 7. Therefore, we take
a different approach. Our proof of Theorem 7 relies on an equidistribution result
for points of small height proved by Autissier in [Aut01] and on a characterization
of power maps, Chebyshev maps and Lattés maps proved by Zdunik in [Zdul4].

Finally, let us mention that Eremenko and van Strien investigated the rational
maps that have only real multipliers in [EvS11]. They proved that a rational map
f: C — Cof degree d > 2 has this property if and only if it is a flexible Lattes map
or its Julia set J is contained in a circle.

Acknowledgments. The author would like to thank Xavier Buff, Thomas Gauthier,
Igors Gorbovickis and Jasmin Raissy for interesting discussions about this work.

2. PROOF OF THE RESULT

First, let us state the equidistribution result and the characterization of power
maps, Chebyshev maps and Latteés maps that we use in our proof of Theorem 7.

We denote by Q the field of algebraic numbers. If f: C — C is a rational map
of degree d > 2 defined over Q, then its periodic points all lie in Q U {oo}. Given a
number field K, we extend each o € Gal (Q/K) to a map o: QU {oo} = QU {o0}
by setting o(c0) = 0.

Given a rational map f: C — Cof degree d > 2, we denote by pf its measure of
maximal entropy, which is a Borel probability measure on C whose support is the
Julia set Jy of f. We refer the reader to [FLM83|, [Lju83] and [Man83] for further
information. —~

Recall that a sequence (uy),~, of Borel probability measures on C converges

weakly to a Borel probability measure v on C if

lim Agodun:/AgpdV
c

n—-+oo C

for all continuous functions ¢: C >R

The statement below is a particular case of an equidistribution result for points
of small height due to Autissier. We refer to [BR10, Theorem 10.24] and [FRLOG,
Théoréme 2 and Théoréme 4] for an analogous result in a dynamical context that
explicitly implies the statement below.

Theorem 8 ([Aut01, Proposition 4.1.4]). Assume that f: C — C is a rational map
of degree d > 2 defined over a number field K and (Sn)n20 s a sequence of pairwise

disjoint, nonempty, finite, Gal (@/K) -invariant sets of periodic points for f. For
n > 0, define the Borel probability measure

1
n = 0, .
=S, 2

ZESy

Then (pn),>o converges weakly to jig.



4 VALENTIN HUGUIN

Given a rational map f: C—Canda periodic point zy € C for f with period
p and multiplier A\, the characteristic exponent of f at zg is

1
xr (z0) = —log|A|.
f (20) p Al

Suppose that f: C — C is a rational map of degree d > 2. We denote by || f||

the norm of the differential of f with respect to the spherical metric %; this is

the unique continuous function || f’|| : C— R>¢ that satisfies
[f'(2)| (1 +[2%)

1+ |f(2)
for all z € C such that f(z) € C. The Lyapunov exponent of f is

L= /@logllf’ll dpiy

where py denotes the measure of maximal entropy of f.
In our proof of Theorem 7, we use the following characterization of power maps,
Chebyshev maps and Lattes maps:

I1£' ()l =

Theorem 9 ([Zdul4, Proposition 4]). Assume that f: C — C is a rational map of
degree d > 2 that is not a power map, a Chebyshev map or a Lattes map. Then f
has infinitely many periodic points with characteristic exponent greater than Ly.

Remark 10. In fact, Zdunik only states that every rational map f: C — Cof degree
d > 2 that is not a power map, a Chebyshev map or a Lattés map has at least one
periodic point with characteristic exponent greater than L¢, but her proof can be
easily modified to obtain the statement above. As Theorem 9 plays a key role in
our proof of Theorem 7, let us explain how Zdunik’s proof can be changed. Fix an
integer N > 1. On [Zdul4, p.260], denote by p1,...,ps not only the critical values
for fM but also the periodic points for f with period at most N in order to obtain
a family B of balls that also contain no periodic point for f with period less than
or equal to N. Then the remainder of [Zdul4, Proof of Proposition 4] shows that
there exist a ball B € B and a periodic point zy € B for f such that xr (z0) > Ly.
The point 2y has period greater than N by the construction of B. Since this holds
for every N > 1, the map f has infinitely many periodic points with characteristic
exponent greater than L.

Given a rational map f: C— @, the postcritical set of f is
Pr=J rrer,
n>1
where C; denotes the set of critical points for f.

We also need the following approximation lemma:

Lemma 11. Suppose that f: C — C s a rational map of degree d > 2 and zy € C
is a repelling periodic point for f that does not lie in Py. Then there is a sequence
(Wn),,>¢ of periodic points for f with pairwise distinct periods such that

lim xf (wn) = X7 (20) -

n—-+oo
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Proof. Replacing f by an iterate if necessary, we may assume that z; is a repelling
fixed point for f. Then there exist connected open neighborhoods U and V' of z
such that U C V and f has no critical point in U and induces a biholomorphism
fu: U —= V. Moreover, 2 lies in the Julia set Jy of f, its iterated preimages form
a dense subset of J; and J; has no isolated point, and hence there exist { > 1 and
2 € V\ {20} such that f°'(z;) = zo. The point z; is not critical for f°! because zq
does not lie in P; by hypothesis, and hence there is an open neighborhood W of z
such that W C V and f° has no critical point in W and induces a biholomorphism
(f°l)W : W — fYW). Denote by g: V — U and h: f/(W) — W the inverses of
fu and ( f ol)W, respectively. The map ¢ induces a contraction of U with respect to
the Poincaré metric on V as U C V. Therefore, zy is the unique periodic point for
g and there exists an integer N > [ such that ¢°™=9(V) c foYW) for all n > N
since g (z0) = 2o and f°/(W) is a neighborhood of zy. For n > N, we can consider
hog°™V:V — W. For every n > N, the map h o ¢g°(»=" induces a contraction
of W with respect to the Poincaré metric on V since W C V, and hence it has a
unique fixed point w, € W. Let us prove that w, is periodic for f with period n
for all n > max{N,2l}. For every n > N and every j € {l,...,n}, we have

Fo9 (wp) = f o ho g°nh (wy) = g°n=9) (wy,) .
It follows that w,, is periodic for f with period dividing n for all n > N. Suppose
now that n > max{N,2l} and the period of w, is a proper divisor p, of n. Then
n—pn €{l,...,n—1} and fo*=Pn) (w,) = w,, and hence w,, is periodic for g by
the relation above. Therefore, w,, = 2 since zy is the unique periodic point for g,
and hence

20 =hog°" ™ (29) = h(z0) = 2
by the definition of w,,, which is a contradiction. Thus, w, is periodic for f with
period n for all n > max{N,2{}. Finally, it remains to prove that
lm xf (wn) = X (20) -

n—-4o0o

For n > max{N, 2l}, denote by A, the multiplier of f at w,, so that

n—l1
| TTIS (o™ ]

Suppose that « € (1,400). Since || f'|| is continuous at zg, there is a neighborhood
O, of zy such that

Al = [[(£1) ()

| H 77527 Gwom)ll = (71 )

exXp (Xf (ZO)) < ”f/(z)

X | < aexp (xy (20))

for all z € O4. As g(20) = 2o and g induces a contraction of U with respect to the
Poincaré metric on V, there exists J, > 1 such that ¢°/(V) C O, for all j > J,.
Define

m = min {min||f’||7minH(f°l)/H} €R.y and M =max|f|| € Rso.
U W C
For every n > max {N,2l,J, + 1 — 1}, we have

g (exp (xs (20) "7 i1 e Jal41
e < | < MY (aexp (x7 (20)))

)
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and hence
xp () = 22 lof(m) Ut Sl 1)in (20) — log(a))
and
o5 (wn) < ot L= DIog(M) (0= Jo = 1+1) (s (z0) + log(@)

n n

Therefore, we have

Xf (20) —log(a) < liminf x s (wy) < limsup xr (wn) < x5 (20) + log(a) .

n—-+00 n—-+oo

As this holds for all « € (1,400), the lemma is proved. O

Remark 12. On the one hand, the statement of Lemma 11 is rather weak. Using
the Koenigs linearization theorem and the same technique as in the proof above,
Ji and Xie show in [JX22, Section 2] that, if f: C — C is a rational map of degree
d>2and 2y € C \ Py is a repelling fixed point for f with multiplier A, then there
is a sequence (wy,),,~ v such that w, is periodic for f with period n and multiplier
pn for all n. > N and p, = a\" + b+ o(1) as n — +oo for some a € C* and b € C.

On the other hand, our proof of Lemma 11 can be generalized by using several
periodic points. Thus, one can show that, if f: C — C is a rational map of degree
d > 2, then the closure of the set of characteristic exponents of f at its cycles is the
union of an interval and a finite set (compare [FG22, Proof of Lemma 2.1]). This
is a weak version of [JX22, Corollary 1.16], which also states that this interval is
not a singleton if the map is not a power map, a Chebyshev map or a Lattes map.

We now prove our result.

Proof of Theorem 7. By [Sil98, Theorem 2.1], the moduli space M 4(C) of rational
maps of degree d is an algebraic variety defined over Q. Denote by Z; the set of
conjugacy classes [g] € My4(C) such that f and g have the same multipliers with
the same multiplicities at their cycles with period n for each n > 1. Then Z; is a
Zariski closed subset of M4(C) defined over K by [Sil98, Theorem 4.5]. Moreover,
it consists of finitely many elements of My(C) and possibly a curve of conjugacy
classes of flexible Lattes maps by [McM87, Corollary 2.3]. Therefore, each rational
map ¢g: C — Cof degree d such that [g] € Z¢ is conjugate to a rational map defined
over a finite extension of K or is a flexible Lattes map, and this holds in particular
for f. If f is a flexible Lattes map, we are done. Thus, conjugating f and replacing
K by a finite extension if necessary, we may assume that f is defined over K.
Suppose that zg € Cisa repelling periodic point for f that does not lie in Py,
and let us prove that xs (29) < Ly. By Lemma 11, there is a sequence (wy,),,~, of
periodic points for f with pairwise distinct periods such that -
Jm xy (wa) = Xg (20) -
For n > 0, denote by p,, and A, the period and multiplier of w,, for f, respectively,
and define

Sy ={o (f7 (wy)):j€{0,....,p, — 1}, 0 € Gal (Q/K)}
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to be the smallest Gal (Q/K )-invariant subset of Q U {oo} that contains the cycle
for f containing w,. As f is defined over K,

Sp = U {f (o (wn):j€{0,....,pn —1}}
UGGal(@/K)

is a union of cycles for f with period p;, for all n > 0. In particular, S, NS, = &
for all distinct m,n > 0 since p,, # p,. For every n > 0 and every o € Gal (Q/K),

denoting by p,(,") the multiplier of f at o (w,,), we have p( " = o (An) as f is defined

over K and o (w,) has period p,,, and hence pg " An since A\, € K by hypothesis.
Therefore, for every n > 0, we have

1 1 <
—_— log ||/ (2)|| = = og
g7 2 sl = g 3

where 01, ...,0, are elements of Gal (@/K) — which depend on n — such that

|_| {fo :jedo,.. ~1}}.
For n > 0, define the Borel probability measure

" 0 .
: |S|Z

zZESy,

(n)

Pg, log |An| = Xy (wn) ,

ISI

For every m € R and every n > 0, we have

5 (10) € 50 3 e {log | (2) o) = [ ma(10g 7)) i

zE€S,

By Theorem 8, the sequence (fin ), converges weakly to py. Therefore, for every
m € R, we obtain

£ (%) < /@max (log 1] ) dyus

by letting n — 400 since max (log || f'||, m) is continuous on C. Taking the limit as
m — —oo, it follows from the monotone convergence theorem that xr (z0) < Ly.
Thus, we have shown that x (z0) < Ly for all but finitely many periodic points

zp € C for f- Therefore, f is a power map, a Chebyshev map or a Lattes map by
Theorem 9, which completes the proof of the theorem. ([l
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