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QUADRATIC RATIONAL MAPS WITH INTEGER MULTIPLIERS

VALENTIN HUGUIN

ABSTRACT. In this article, we prove that every quadratic rational map whose
multipliers all lie in the ring of integers of a given imaginary quadratic field is
a power map, a Chebyshev map or a Lattés map. In particular, this provides
some evidence in support of a conjecture by Milnor concerning rational maps
whose multipliers are all integers.

1. INTRODUCTION

Given a rational map f: C — C and a point zy € ((Aj, we study the sequence
(f°™ (20)),>0 of iterates of f at zo. The set {f°" (29) : n > 0} is called the forward
orbit of zo under f.

The point zq is said to be periodic for f if there exists an integer n > 1 such that
£°™ (20) = z0; the least such integer n is called the period of zg. The forward orbit
of zp, which has cardinality n, is said to be a cycle for f. The multiplier of f at z
is the unique eigenvalue of the differential of f°™ at z;. The map f has the same
multiplier at each point of the cycle.

The multiplier is invariant under conjugacy: if f and g are rational maps, ¢ is
a Mobius transformation such that ¢ o f = go ¢ and zg is a periodic point for f,
then ¢ (zo) is a periodic point for g with the same period and the same multiplier.

We wish to examine here the rational maps that have only integer multipliers.

Definition 1. A rational map f: C—Cof degree d > 2 is said to be a power map
if it is conjugate to z — 2+

For every d > 2, there exists a unique polynomial Ty € C[z] such that
Ty (z + zfl) =244 77,
The polynomial T, is monic of degree d and is called the dth Chebyshev polynomial.

Definition 2. A rational map f: C — C of degree d > 2 is said to be a Chebyshev
map if it is conjugate to £Ty.

Remark 3. For every d > 2, the rational maps —T,; and T, are conjugate if and
only if d is even.

These rational maps share the following well-known property:

Proposition 4. Suppose that f: C—oCisa power map or a Chebyshev map.
Then f has only integer multipliers.

In fact, there exist also other rational maps that satisfy this special condition.
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Definition 5. A rational map f: C — Cof degree d > 2 is said to be a Lattés map
if there exist a torus T = C/A, with A a lattice in C, a holomorphic map L: T — T
and a nonconstant holomorphic map p: T — C that make the following diagram
commute:

L

T———T

C C
f

Remark 6. Suppose that A is a lattice in C and T = C/A. Then the holomorphic
maps L: T — T are precisely the maps of the form

LYy z+A—az+b+A, with a,beC,aA CA.
Moreover, for all a,b € C such that aA C A, the map sz\,b: T — T has degree |a|?.

We distinguish two types of Lattés maps. A rational map f: C — Cof degree
d > 2 is said to be a flexible Latteés map if there exist a torus T = C/A, with A a
lattice in C, a € Z, b € C and a holomorphic map p: T — C of degree 2 such that

fop:poLQb, where LQ,M z+A—az+b+A.

A non-flexible Latteés map is said to be rigid. We refer the reader to [Mil06] or [Sil07,
Chapter 6] for further information about Lattés maps.

Remark 7. The degree of a flexible Lattes map is the square of an integer.

Given a positive squarefree integer D, we denote by Rp the ring of integers of
the imaginary quadratic field Q (zx/ﬁ)
Lattes maps have the following remarkable property:

Proposition 8 ([Mil06, Corollary 3.9 and Lemma 5.6]). Suppose that f: C—C
is a Lattes map. Then there exists a positive squarefree integer D such that the

multipliers of f all lie in Rp. Furthermore, the multipliers of f are all integers if
and only if f is flexible.

We are interested in the converse of Proposition 4 and Proposition 8. In [Mil06],
Milnor conjectured that power maps, Chebyshev maps and flexible Lattes maps
are the only rational maps whose multipliers are all integers. More generally, we
may wonder whether power maps, Chebyshev maps and Lattes maps are the only
rational maps whose multipliers all lie in the ring of integers of a given imaginary
quadratic field. We answer this question in the case of quadratic rational maps.

Theorem 9. Assume that D is a positive squarefree integer and f: C—oCisa
quadratic rational map whose multiplier at each cycle with period less than or equal
to 5 lies in Rp. Then f is a power map, a Chebyshev map or a Lattés map.

In particular, this proves Milnor’s conjecture for quadratic rational maps.

Corollary 10. Assume that f: C—Cisa quadratic rational map that has only
integer multipliers. Then f is either a power map or a Chebyshev map.
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We may even extend Milnor’s question as follows:

Question 11. Assume that K is a number field, Ok is its ring of integers and
f: C — C is a rational map of degree d > 2 whose multipliers all lie in O — or K.
Is f necessarily a power map, a Chebyshev map or a Lattes map?

In [Hug21b], the author answered this question for certain polynomial maps.
More precisely, he proved that every unicritical polynomial map of degree d > 2
that has only rational multipliers is either a power map or a Chebyshev map. He
also proved that every cubic polynomial map with symmetries that has only integer
multipliers is either a power map or a Chebyshev map.

In [EvS11], Eremenko and van Strien studied the rational maps of degree d > 2
that have only real multipliers: they proved that, if f: C — Cissuch a map, then
either f is a Lattes map or its Julia set J is contained in a circle; they also gave
a description of these maps.

In Section 2, we provide some background about the multiplier polynomials of a
rational map, the moduli space of quadratic rational maps and the ring of integers
of an imaginary quadratic field.

In Section 3, we prove Theorem 9. More precisely, we determine the quadratic
rational maps whose multiplier polynomials all split into linear factors in Rp[)],
with D a given positive squarefree integer. Using the holomorphic fixed-point for-
mula, we are reduced to studying two one-parameter families of rational maps and
finitely many other cases. We then examine the multiplier polynomials associated
to these two families and to the remaining cases in order to conclude.

Acknowledgments. The author would like to thank his Ph.D. advisors, Xavier Buff
and Jasmin Raissy, for their encouragements.

2. SOME PRELIMINARIES
We shall review here some necessary material for our proof of Theorem 9.

2.1. Dynatomic polynomials and multiplier polynomials. First, we present
the dynatomic polynomials and the multiplier polynomials associated to a rational
map, which are related to its periodic points and its multipliers. In particular, we
provide a formula to compute the multiplier polynomials of a rational map, which
will be very useful in our proof of Theorem 9. For further information about these
polynomials, we refer the reader to [MS95], [Sil98] and [Sil07, Chapter 4].

Throughout this subsection, we fix an integer d > 2, which will denote the degree
of a rational map. In order to properly take the point co into account, we identify
the Riemann sphere C with the complex projective line P}(C) — defined as the
quotient of C?\ {0} by the relation of collinearity — by the usual biholomorphism
v: C — PY(C) and its inverse given by

_J[z:1] ifzeC o)y fyeC”
L(Z)_{[I:O] s 00 MO ([x'y])_{oo ify=0

Suppose that f: P1(C) — P(C) is a rational map of degree d. Then there exists
a homogeneous polynomial map F: C? — C? that does not vanish on C?\ {0}
and makes the diagram below commute, where ™ denotes the canonical projection.
The map F' is unique up to multiplication by an element of C* and is said to be a
homogeneous polynomial lift of f.



4 VALENTIN HUGUIN

C\ {0} —E— €2\ {0}

P!(C)

P!(C)

Given a homogeneous polynomial map F': C2 — C? of degree d and n > 0, we
denote by G and H} the polynomials in C[z,y] defined by

Fon(x,y) = (Gf(m,y),Hf(a:,y)) ,
which are homogeneous of degree d".
Suppose that f: PY(C) — P!(C) is a rational map of degree d and F: C? — C2
is a homogeneous polynomial lift of f. Then, for every n > 1, the roots in P(C)
of the homogeneous polynomial

are precisely the periodic points for f with period dividing n. Thus, it is natural to
try to factor these polynomials in order to separate their roots according to their
periods, and we obtain the result below.

For n > 1, we define
vin) =Y u(7)d",
k|n

where p: Z>1 — {—1,0, 1} denotes the M6bius function.

Proposition 12 ([MS95, Proposition 3.2]). Suppose that F: C*> — C? is a homo-
geneous polynomial map of degree d that does not vanish on C2\ {0}. Then there
erists a unique sequence (¢f)n>1 of elements of Clx,y] such that, for everyn > 1,
we have B

yGr};(xvy) - ajH,f(]},y) = H‘Pf(x,y) :
k|n

Furthermore, for every n > 1, the polynomial ®E is nonzero and homogeneous and

we have
d+1 ifn=1
deg ®F = * Zf " .
v(n) ifn>2
Definition 13. Suppose that F: C?> — C? is a homogeneous polynomial map of

degree d that does not vanish on C?\ {0}. For n > 1, the polynomial ®% is called
the nth dynatomic polynomial of F.

Remark 14. If F: C2 — C? is a homogeneous polynomial map of degree d that
does not vanish on C? \ {0}, then we have

o) (x,y) = [[ WGF (x,y) - xH;f(x,y))”(
k|n

)

=3

for all n > 1 by the Mobius inversion formula.

The following result gives the relation between the periodic points for a rational
map and the dynatomic polynomials of its homogeneous polynomial lifts.
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Proposition 15 ([MS95, Proposition 3.2]). Assume that f: P(C) — PY(C) is a
rational map of degree d, F: C?> — C? is a homogeneous polynomial lift of f and
n > 1. Then zy € P(C) is a root of the polynomial ®L if and only if zo is either
a periodic point for f with period n or a periodic point for f with period a proper
divisor k of nand multiplier a primitive 7:th root of unity.

Let us now present the multiplier polynomials of a rational map. Suppose that
f:PYC) — P!(C) is a rational map of degree d and n > 1. Informally, we want to

compute the polynomial
T

[T =) eciy,

j=1
where A1,..., A, denote the multipliers of f at its periodic points with period n.
In fact, since f has the same multiplier at each point of a cycle, we want to obtain
the nth root of this polynomial. Assume that zo € P1(C) is a periodic point for f
with period n and multiplier Ay and F': C2 — C? is a homogeneous polynomial lift
of f. Then there exists a periodic point (zg,yo) € 2o for F with period n, and the
eigenvalues of the differential of F°" at (xg,yo) are precisely d™ and Ag. Therefore,
considering the trace of the differential of F°™ at (xq,yo), we have

Ao +d" =TF (0,90) ,

where . .
0G OH

TF — n n (C )

"= e ey, € [z, 9]

This discussion leads us to the result below (see [Hug2la, Chapitre 3]).

Proposition 16. Suppose that f: P1(C) — PY(C) is a rational map of degree d,
F: C? — C? is a homogeneous polynomial lift of f and n > 1. Then there exists a
unique monic polynomial MI € C[\] such that, for every homogeneous polynomial
P € Clz,y| of degree 1, we have

res (05, P o F°™) M (\)" =res (@, (A +d") Po F°" — PTF)

where res denotes the homogeneous resultant. Furthermore, M depends only on f

and we have
d+1 ifn=1
deg M7J = .
& Mn {”(n") ifn > 2

Definition 17. Suppose that f: P}(C) — P!(C) is a rational map of degree d. For
n > 1, the polynomial M/ is called the nth multiplier polynomial of f.

Remark 18. If F: C2 — C? is a homogeneous polynomial map of degree d that
does not vanish on C2? \ {0}, n > 1 and P € Clx,y| is a homogeneous polynomial
of degree e > 0, then we have

ev(n)(d™—1)

res (@, P o F°") = €® res (®F, P)res(F) @D |
where €\ € {—1,1} equals —1 if and only if n = 1, d is even and e is odd.

Note that, given a rational map f: P*(C) — P1(C) of degree d, a homogeneous
polynomial lift F': C2 — C? of f and n > 1, the formula in Proposition 16 enables us
to compute the polynomial M; by considering a nonzero homogeneous polynomial
P € C[z,y] of degree 1 that does not divide ®~.
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Let us now describe precisely the relation between the multiplier polynomials
of a rational map and its multipliers. Given a rational map f: P(C) — P!(C) of
degree d, a homogeneous polynomial lift F': C?> — C2 of f and n > 1, we have

deg ®F
MIN = T G =x),
j=1
where A1, ..., Ageg o are the multipliers of f°" at the roots of the polynomial or

repeated according to their multiplicities. Therefore, we have the result below,
which follows immediately from Proposition 15.

Proposition 19. Assume that f: P}(C) — PY(C) is a rational map of degree d
and n > 1. Then \g € C is a root of the polynomial M7 if and only if

e )\ is the multiplier of f at a cycle with period n,
e or \g equals 1 and f has a cycle with period a proper divisor k of n and
multiplier a primitive 7:th root of unity.

A direct consequence of Proposition 19 is the result below, which is a key point in
our proof of Theorem 9. It states that our problem comes down to determining the
quadratic rational maps whose multiplier polynomials all split into linear factors in
Rp[A], with D a given positive squarefree integer.

Corollary 20. Assume that R is a subring of C, f: P1(C) — P'(C) is a rational
map of degree d and n > 1. Then the multipliers of f at its cycles with period n all
lie in R if and only if the polynomial M} splits into linear factors in R[)].

2.2. The moduli space of quadratic rational maps. We now recall certain
facts about the conjugacy classes of quadratic rational maps.

Suppose that f: C — C is a quadratic rational map, and denote by A1, Ag, Az
its multipliers at its fixed points repeated according to their multiplicities. If f has
only simple fixed points or, equivalently, if A\; # 1 for all j € {1,2, 3}, then we have

[ S S
1—=X 1—=Xy 1—X3
In particular, note that A\; Ao = 1 if and only if Ay = Ay = 1 since it follows that

IT=XA)1=X)=NA2=1)(1—=2A3),

which holds even if f has a multiple fixed point.
Given a quadratic rational map f: C — C, we define

ol =M+ X+ X3, o) =M+ MAs+ Ads, of = Ao
to be the elementary symmetric functions of the multipliers A1, Ao, A3 of f at its
fixed points, so that
MIN) =X —al XN +0ir—0f
By the formula above that relates the multipliers of a quadratlc rational map at its
fixed points, for every quadratic rational map f: C — (C we have

U§:U{—2.

In fact, we will see that this relation uniquely determines the conjugacy classes of
quadratic rational maps.
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We now give normal forms for the conjugacy classes of quadratic rational maps.
For a,b € C such that ab # 1, define

z(z + a)
bz+1 "~
which fixes 0 with multiplier a and fixes co with multiplier b. Define

Ja,b: 2 >

1
h:z—z+4+—,
z

which has oo as its unique fixed point. We have the following result:

Proposition 21 ([Mil93, Lemma 3.1]). Suppose that f: C — C is a quadratic
rational map. If f has two distinct fived points with multipliers a,b € C, then we
have ab # 1 and f is conjugate to gap. If f has a unique fized point, then f is
conjugate to h.

We will also use another normal form. For ¢ € C, define
ferzm 224 c.

For every ¢ € C, the map f. has co as a superattracting fixed point. Furthermore,
if f: C—oCisa quadratic rational map that has a superattracting fixed point,
then there exists a unique parameter ¢ € C such that f is conjugate to f.. Note
that, for every ¢ € C, the map f. is a power map if and only if ¢ = 0 and is a
Chebyshev map if and only if ¢ = —2.

Define M3 (C) to be the set of conjugacy classes of quadratic rational maps.
Given a quadratic rational map f: C — C, denote by [f] € M2(C) its conjugacy
class. We have the result below, which follows directly from Proposition 21.

Corollary 22 ([Mil93, Lemma 3.1]). The map Mult2 My (C) — C? given by

Mty ([f)) = (of, of)

is well defined and bijective. In particular, the conjugacy class of a quadratic ratio-
nal map f: C — C is characterized by its multipliers A1, Aa, A3 at its fixed points.

By Corollary 22 and the invariance of the multiplier under conjugacy, the mul-
tiplier polynomials of f, with f: C — C a quadratic rational map, depend only on

O‘lf and ag . More precisely, we have the following result:

Proposition 23 ([81198, Corollary 5.2]). Assume that n > 1. Then the coefficients
of the polynomial M}, with f: C — C a quadratic rational map, are polynomials

n cr{ and 02f with integer coefficients — which are independent of f.

Remark 24. If f and f are quadratic rational maps with multipliers A1, A2, A3 and
AL, Ao, Az at their fixed points, then M} = M for all n > 1 by Proposition 23.
Using the software SageMath, we can compute the first multiplier polynomials
of gq.b, with a,b € C such that ab # 1. Thus, we can express the first multlpher
polynomials of a quadratic rational map f: C — C in terms of al and 02

Example 25. Suppose that f: C—>Cisa quadratic rational map. For simplicity,

set 01 = a{ and oy = 05, so that

MI(A) =X =002 4+ 09X — (07 — 2) .
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For n > 1, write
deg M
Mrf(A) )\degM“ + ( 1)] (”))\degMn—] )
j=1
Then we have

o) =201 + 09,

U§3) =01 (201 +02)+ 301 +2,
Uég) = (201 + 03) (01 + 02)2 — 01 (01 +203) + 1201 + 28,
oY = (201 + 09) 0% + (01 — 02) (301 + o) + 1007,
( ) = = (201 + 03) 02 (01 + 02)° + (01 — 02) (70} 4+ 90302 + 501035 + 73)
+ (2601 — 02) 0% + 40y (1607 — 503) + 4 (100, — 1309) + 48,
(4) = 02 (o1 + 02) (201 + 02)2 + 01 (201 + 09) (Ji’ - 20%02 - 0105 - 203)
+ 01 (2703 + 300102 + 680103 + 2803 ) + 4 (26075 + 0502 + 320105 + 1503)
+8 (3707 — 190105 — 603) + 32 (20071 + 302) + 304.

Finally, let us describe the conjugacy classes of Lattes maps of degree 2. Suppose
that A is a lattice in C, and set T = C/A. Recall that the Weierstrass’s function

pr: T — C given by
1
NEEUSEEEE'S ( o w)
weA\{0}
is well defined, even and holomorphic of degree 2. Therefore, for all a,b € C such

that aA C A and 2b € A, there exists a unique rational map Latfl\’f: C — C of
degree |a|? such that

Lat;\’fopA:@AOLA , where Lfl\b:z—i-A»—)az—l-b-l-A,
since LAb commutes with the multiplication by —1 in T.
Note that certain lattices in C are invariant by nontrivial rotations about the

origin, which gives rise to other Lattés maps. Suppose that A = Z[i] and T = C/A.
Then, for every z € C, we have

paliz+A) = —pa(z+A).
Therefore, for all a,b € C such that a € A and (1 4 4)b € A, there exists a unique
rational map Lat;\f : C — C of degree |a|? such that
Laty opx = g © Lby,

since LAb commutes with the multlphcatlon by 4 in T.
We can now explicit the Lattes maps of degree 2 up to conjugacy.

Proposition 26 ([Mil06, Subsection 8.1]). Assume that f: C — C is a Lattés map

of degree 2. Then f is conjugate to either Latﬂf]i’é or Latf;’bQ, with

Ae {Z[i],Z [@\/ﬂ Z L+iv7 }

2
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TABLE 1. Multipliers Ay, Ao, Az of Lat ' at its fixed points.

’ A ‘ n ‘ a ‘ b ‘ )\1,)\2,/\3 ‘
Z]i 21 1—4 10 -1+, —-1414,—2¢
Zli] 21142 |0 —1—2,—1—1,2¢
Z]i 41 144 |0 —4,—1—4,—1+3
Zliv2] [2] iv2 |0 —2,—iV/2,iV?2
7 147 9 1—iV7 0 —3—iv/7 —3—iVT —14iV7
2 2 2 ’ 2 ) 9
7, | iV 9 | L=iv7 | 1| Z14ivVT —1440V/7 1=iV7
2 2 2 2 ) 2 3 D)
7, | VT | | o | 10VT | | =34VT =34iVT —1-iVT
2 2 2 ) 2 ) P
7 147 2 14+iV7 | 1 —1—ivV7 —1—i/7 1+iV7
2 2 2 2 ) 2 ) P}
and
{(1=4,0),(1+4,0)} if A = Z]i]

(a,b) € { {(iv2,0)} if A=Z[iv2]

{(=670) (27.0) (70) (2270) ) wra=a ]

We can compute the multipliers of the Lattés maps appearing in Proposition 26
at their fixed points (see Table 1). Thus, we have the result below, which follows
immediately from Corollary 22 and Proposition 26 and gives a characterization of
the Lattes maps of degree 2.

Corollary 27. Assume that f: C—=Cisa quadratic rational map. Then f is a
Lattés map if and only if its multipliers at its fized points are
e cither —4, —1 — i and —1 + 1,
e or —1—14, —1 —1 and 21,
e or —1+41, =141 and —21,
[ )
[ )

or —2, —iv2 and i\/i,

o zf 7372iﬁ and 71J5iﬁ}
° —3+z\f 3+i\ﬁ and —1—2i\ﬁ7
o or 1= 1\/ —1— z\f and 1+zf

° —1+1\f —1+1f and 1— 2\[

2.3. The ring of integers of an imaginary quadratic field. Finally, we recall
here some properties of the ring of integers Rp of the imaginary quadratic field

Q (i\/ D), with D a positive squarefree integer.

Assume that D is a positive squarefree integer. Then we have

Ry Zlop] . wh VD ifD=12 (mod4)
=Z[ap], where ap = , -
P b b % if D=3 (mod 4)

The ring Rp is an integrally closed domain. In particular, if a,b € Rp are such
that ab? is a square in Rp, then a is a square in Rp or b is zero. This property will
be useful in our proof of Theorem 9.

The elements of Rp form a lattice in C. Let us describe the intersections of Rp
with the Euclidean disks centered at the origin. We denote by N: C — Rxq the
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map given by N(z) = |z|?, which is multiplicative and agrees with the norm of the
extension Q (z\/ﬁ) /Q.
Suppose that D = 1,2 (mod 4). For all z,y € Z, we have
N (z +yap) =2>+ Dy* € Z>g .

Therefore, for every B > 0, we have

B
{z€Rp:N(z) <B} C {x—i—yapza:,yGZ, |alc|§\/§7 y|<\/D},

and in particular
{zée Rp:N(2)<B}CZ if B<D.
Suppose that D =3 (mod 4). For all z,y € Z, we have

2 4

Therefore, for every B > 0, we have

2
1 D D+1
N(x—l—yap)—(x—i-y) +—y2:x2+xy+Ty2€ZZO.

B B
{ZGRD:N(2)<B}C{x—i—ya[):x,yEZ, |x|§\/§+\/5, ly| <2 D}’

and in particular
{z€ Rp:N(2) <B}CZ if 4B<D.
Thus, the set of all imaginary quadratic integers is a discrete subset of C and, for

every B > 0, we can determine the pairs (D, z) € Z x C such that D is a positive
squarefree integer, z € Rp and N(z) < B.

3. PROOF OF THE RESULT
We shall prove here Theorem 9. It follows directly from the three lemmas below.

Lemma 28. Assume that D is a positive squarefree integer and f: C—>Cisa
quadratic rational map that has no superattracting or multiple fized point and whose
multiplier at each cycle with period less than or equal to 5 lies in Rp. Then f is
either a power map or a Lattés map.

Proof. Denote by A1, Aa, A3 the multipliers of f at its fixed points, which belong to
Rp\ {0,1} by hypothesis. Then 1 — A; lies in Rp \ {0,1} for all j € {1,2,3} and

we have
1 n 1 n r
1—XN  1—Xy 1-—X3

If i1, pa, ps are elements of Rp \ {0,1} that satisfy
1 1 1 1 1 1
—+—4+—=—=1 and %()S%()S\%(),
M1 2 3 M1 M2 Hs
then we have
R(L)oh w(L) s (imn(L)) ot wa Lot
U3 3 2 2 M3 4 H1 M2 p3

as R (1) <1 forall z € Rp\ {0,1} by Claim 29. Moreover, there are only finitely
many z € Rp \ {0} such that R (2) > 1 since these are precisely the elements of

1.




QUADRATIC RATIONAL MAPS WITH INTEGER MULTIPLIERS 11

Rp \ {0} contained in the disk with center 2 and radius 2 and Rp forms a discrete
subset of C. Therefore, there are only finitely many unordered triples p1, po, pt3 of
elements of Rp \ {0, 1} such that i + i + i = 1. If D =1, then there are exactly
23 such unordered triples (see Figure 1); if D = 2, there are 9; if D = 3, there are
27 (see Figure 2); if D = 7, there are 14; if D = 11, there are 3; if D = 15, there
are 5. In the other cases, 2, 3 and 4 are the only elements z € Rp \ {0, 1} such that
R (%) > i by Claim 30, and it follows that the only triples (p1, 2, 3) of elements
of Rp \ {0,1} such that ;- + -- + u% =1 are (2,3,6), (2,4,4) and (3,3,3) up to
permutation (see Figure 3 and Figure 4). Therefore, there are only finitely many
possible values for the triple (A1, A2, A3), and these are (—5,—2,—1), (—3,-3,—1)
and (—2,—2,—2) up to permutation if D is different from 1, 2, 3, 7, 11 and 15. If
A1, A2, A3 equal —5, —2, —1, then we have

MI(X) = A* — 15902 + 7419\ — 84221,

which does not split into linear factors in Rp[)\] since it is irreducible over Q of
degree 3 and Rp is contained in an extension of Q of degree 2. If A1, A2, A3 equal
—3,—3,—1, then we have

MI(A) = (A + 267A% 4 20871\ + 414157)% |

which does not split into linear factors in Rp[A] either since it is the square of an
irreducible polynomial over Q of degree 3 and Rp is contained in an extension of
Q of degree 2. Therefore, since the polynomials M}, with n € {3,4,5}, split into
linear factors in Rp[A] by Corollary 20, we have
{(-4,-1—4,-141),(-2,-2,-2),
(-1—id,—1—14,20), (-1 +4,—1+1,—2i)}
{(-2,-2,-2), (-2,-iv2,iVv2) } if D=2
—3—iV7 —=3—iVT —14iV/7
{(_27 _2a _2)7 < 2 ’ 2 ) E ) )

—3+iV7 —=3+iVT —1—iVT —1—ivV7 —1—iV/7 1447 : _
( —E ’ —; ) 2 ) ) ( P} ) D) ) +2 ) s iftD=7

ifD=1

()\13 )‘27 A3) S

(—1+iﬁ —1+iV7 1—iﬁ) }
2 ? 2 ? 2

{(-2,-2,-2)} otherwise

up to permutation (see Table 2, Table 3 and Table 4). If A1, A2, A5 equal —2, —2, —2,
then f is conjugate to z — Z%; in the other cases, f is a Latteés map by Corollary 27.
Thus, the lemma is proved. (]

We shall now prove the two facts below, which are used in our proof of Lemma 28.

Claim 29. Suppose that D is a positive squarefree integer. Then R (%) < % for all
z€ Rp\ {0,1}.

Proof. Assume that z € Rp \ {0} satisfies ® (1) > 1, and let us prove that z = 1.
We have

2R(z) = 2R (i) N(z) > N(z),
which yields 2R(z) > N(z) + 1 since 2R(z) and N(z) are integers, and hence
discy (T — 2) (T — 2)) = (2R(2))* —4N(2) > (N(z) —1)*> >0,
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T * K T T T 4
1 ") a [
—1 v/ 2x3\4 5 6 A
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297 . . . . . . ~ *
. .
37 . . . . . .
a4 . . . . . .
—7

FIGURE 1. Left: The lattice R; and 3 of the 23 unordered triples
1, pi2, 3 of elements of Ry \ {0,1} such that = +at
Right: The inversion of Ry and of these triples. If 1, /,62, M3 1s such
1 1
5 (%) 2 4
1

and = is the centroid of the triangle with vertices /% L

a triple, then, up to relabeling, we have R (—3

P2 ps
TABLE 2. Decomposition of Mg into irreducible factors in Rp[A]
for all the unordered triples A1, A2, A3 of elements of C\ {0,1} —up
to complex conjugation — such that le and sz split into linear
factors in Rp[A] but MJ does not.

’ D ‘ A1, Ao, A3 ‘ Factorization of Mz{ in Rp[} ‘
1 —3—2i,—2+14,—1 M2 (22 4 4i)\ + 121 + 40i
1 —1—4i,—1,—1+1 A2 + (10 + 120)\ + 5 + 483
1 —1—14,—3i,i A2+ (124 20)\ + 15 — 28i
1 —1,—i,1+2i N+ (=2 —4i)A+ 25+ 8i
2 | —1-2iv2,-1,—1+iv2 | A + (10 + 4iv2) A+ 33 + 16iv/2
3| —3—2iV3,23E3 1 | N2 4 (20 4+ 6iv/3) A+ 79 + 54iV/3
3| —2—iv3,—2+14V3, -1 A2 + 18\ + 89
3 —1,—iv3,iV3 A2+ 2\ +25
7 [ BT ST A2 4220+ 125
72— iV7, BT 1 |22 4 (16 + 2iV/T) A+ 67 + 1407
7 —1, TV /T N4 (4= 20VT) A+ 19 — 207
15 | =8=18 —3+iVIS g A2+ 14X + 61
15

—1, =L=/IB LIS A2+ 6) +29
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2

V3

F1cURE 2. Left: The lattice R3 and 2 of the 27 unordered triples
U1, pa, s of elements of Rs \ {0,1} such that i + H—12 + #% =1
Right: The inversion of R3 and of these triples.

[y
2

4 5

| 4
—_
—
-
SLE
n 4
5t
(S i
' .
9 v
o .
¢ -
L, 1
.
el F—
Ol =g
Dol g

S

—iV' 5

FIGURE 3. Left: The lattice R5 and 1 of the 3 unordered triples
1, fa, 3 of elements of Rs \ {0,1} such that i + i + ;%3 =1.
Right: The inversion of R5 and of this triple. The only elements

z € Rs\ {0,1} such that ® (1) > 1 are 2, 3 and 4.

13
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FIGURE 4. Left: The lattice R1g and 1 of the 3 unordered triples
1, pi2, ps of elements of Ryg \ {0,1} such that i + ;712 + i =1.
Right: The inversion of Rjg9 and of this triple.

where discy denotes the discriminant with respect to T'. Therefore, we have z € R,
which yields z € Z \ {0} since Rp NR = Z, and hence z = 1 since 2 > 1. Thus,
the claim is proved. O

Claim 30. Suppose that D is a positive squarefree integer different from 1, 2, 3, 7,
11 and 15 and z € Rp \ {0} satisfies R (1) > 1. Then 2 € {1,2,3,4}.

Proof. There exists (z,y) € Z* \ {0} such that z = x + yap. If D = 1,2 (mod 4)
and z € Rp \ Z, then D > 5 and |y| > 1, and hence

o 1 T < t 1 < 1
)= <max——— = —= < -
z 22+ Dy? ~ teR t2+5 25 4’
which contradicts our hypothesis. If D =3 (mod 4) and z € Rp \ Z, then D > 19
and |y| > 1, and hence

1) T+ 3y t 11
Z ) = <max ——5 = — < —
2 — 19 ’
(Z (w+3y) + 8> R T VI 4
which also contradicts our hypothesis. Therefore, we have z € Z \ {0}, and hence
z €{1,2,3,4} since % > 1. Thus, the claim is proved.

By Lemma 28, we are reduced to studying the quadratic rational maps that have
a superattracting or multiple fixed point.

Lemma 31. Assume that D is a positive squarefree integer and f: C—>Cisa
quadratic rational map that has a superattracting fized point and whose multiplier
at each cycle with period less than or equal to 4 lies in Rp. Then f is either a
power map or a Chebyshev map.
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TABLE 3. Decomposition of M into irreducible factors in Rp[A]
for all the unordered triples A1, A2, A3 of elements of C\ {0, 1} other
than —5, —2, —1 — up to complex conjugation — such that M,{ splits
into linear factors in Rp[)\], with n € {1,2,3}, but M{ does not.

’ D ‘ A1, Ao, Az ‘ Factorization of M4f in Rp[}] ‘
1 —2 —i,—2i,i (A=1) (A + (6 + 120)A + 41 + 604)
1 —1-2i,-1,-1+2i (A—11) (\* + 12X 4 211)
2 | —2,-1—1iv2,—1+iV2 (A=1) (A +2)1+37)

o . o A3+ 99—31'\/?7/\2
3 7 2\/5’_1_2\/37 14+4/3 2
? ? L9090V ) 4 4267 + 768iy/3
7i\/3
(A =2)

(X2 + (5 — iv3) A+ =)
(A +8+5iV3)

(A% + (=19 — iv/3) A — 62 + 65iv/3)
A3+ 39—?\/5)\2

. —3—i1v3 —1+1ivV3
R

3| —2-iv3, 50303

3 _9 =1=3iv3 —14iV3

2 2 2011903 ) 4 449 — 302i\/3

, A%+ (33 —12iv/3) A2
3 —1, =108 1 4 93 (, ) .

+ (=297 — 132iv/3) A + 103 + 1392iv/3
A3 4 27H27iV3 )2
3 —1-iV3 143 | _\/3 2
2 2 =A2E390V3 ) 4 883 4+ 624iv/3

7 —3, =17 LT A% + 2507 + 187\ 4 587
7 —1, =0T 1T A3+ A2 -5\ —413

Proof. There exists a parameter ¢ € C such that f is conjugate to f.: z — 2% +c.
Let us prove that ¢ € {—2,0}. By Corollary 20, the polynomials

MIe(A) = A =2)024+4eh and  MJ°(A) = A2+ (=8¢ —16)A+64¢> +128¢> +64c+64
split into linear factors in Rp[A], and hence 4c lies in Rp and the discriminants
disc lec = —22(4c—1)(4c¢)® and disc Mgc = —22(4c + 7)(4c)?
are squares in Rp. Therefore, we have ¢ = 0 or there exist a,b € Rp such that
—(4c—1)=a®> and — (4c+7)=107.

In the latter case, we have (a — b)(a + b) = 8, which yields

— D)2 2
QWGRDO{Z?;@QRD and N(e) divides 64},
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TABLE 4. Decomposition of M{ into irreducible factors in Rp[A]
for all the unordered triples A1, A2, A3 of elements of C\ {0, 1} other
than —3, —3, —1 — up to complex conjugation — such that M,{ splits
into linear factors in Rp[\], with n € {1,...,4}, but M5f does not.

’ D ‘ A, Ao, Ag ‘ Factorization of Mg in Rp[}] ‘
(A% + (10 + 23i)A2

1 —2—4,—2—i,—1+1 5
+(33 + 188i)\ + 758 + 1703)
(A% + (=5 + 321)\?
1 —1—2i,—1—24,i )
+(—633 — 640i) A + 605 — 11584i)
(A + (4 + 3Li)A?
1 —i,—i,1+1

+(—171 — 176)A — 700 + 16997)
(A3 4+ (3+3iv2) A2
+ (=27 — 42iv/2) A + 3 — 343i/2)”
(A + (—12 — 21iv/3) A2
+ (=573 + 36i1/3) A — 8380 + 2709i+/3)
()\3 4 15—31\/@\2
. 2

+ 5710003\ — 390 — 709i/3)

()\3 4 %)\2

2| —1—iv2,—-1—iV2,iv2

3| —2—iV3,—2— i3, =13

3 —3—2N§, —3—21'\/5771 +i3

3 —1—21'\/57 —1—2i¢§71+i\/§ 4 )
UL ) 577 - 720i/3)
3 _ ; 2
; i3 i3, LB (A% + (42 — 29iv/3) A
) ’ 2 . . 2
+ (—1329 — 232iv/3) A — 7742 + 4897i\/3)
and hence
{-3,-2,—i,i,2,3} if D=1
{-3,0,3} if D=2
ac {73’ —3—21'\/37 —321«/5’ 3—;'\/5’ 3+;'\/§,3} D=3
{-3,-1,1,3} if D=7
{-3,3} otherwise

Therefore, in the latter case, we have

-2,52, 11 if D=1
. -2, 1 if D=2
c= e d{a =S sl ykpg
{-2,0} if D=7
{-2} otherwise

and hence ¢ € {—2,0} since the polynomial M/* splits into linear factors in Rp[)]
by Corollary 20 (see Table 5). Thus, the lemma is proved. a
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TABLE 5. Decomposition of MJ° into irreducible factors in Rp[A]
for the values of D and ¢ appearing in our proof of Lemma 31.

|

Factorization of M]* in Rp[\] ‘

A3 — 3927 + 939\ — 5221

A3 — 4407 + 784\ — 8896

A3 — 47X + 779N — 4861
A3 + —109-25-31‘\/5)\2 + 1177+215i\/§)\ — 9983 — 1218i\/§
—1+83i\/§ A3+ —109;31‘\/5)\2 + 1177—2151'\/5)\ — 2983 + 12181'\/3

|

—

| ‘\
o |

&?JM ol 'QOJQ

5

[co

w|w |~ ~g

By Lemma 28 and Lemma 31, it remains to examine the quadratic rational maps
that have a multiple fixed point and whose multipliers lie in the ring of integers of
a given imaginary quadratic field. We prove that there is no such map.

Lemma 32. Assume that D is a positive squarefree integer and f: C—Cisa
quadratic rational map whose multiplier at each cycle with period less than or equal
to 5 lies in Rp. Then the fized points for f are all simple.

Proof. To obtain a contradiction, suppose that f has a multiple fixed point. If f
has a unique fixed point, then f is conjugate to h by Proposition 21, and hence
ML) = (A — 309A% 4 27399\ — 696691)

splits into linear factors in Rp[A] by Corollary 20, which is impossible since it is
the square of an irreducible polynomial over Q of degree 3 and Rp is contained in
an extension of Q of degree 2. Thus, f has exactly two fixed points, and it follows
that f is conjugate to g1 by Proposition 21, where a € Rp \ {1} is the multiplier
of f at its simple fixed point. By Corollary 20, the polynomial
M (A) = N + (—4a® — 16a — 18) A + 36a” + 112a” + 124a + 89
splits into linear factors in Rp[A], and hence its discriminant
disc MJ** = 2*(a +2)(a — 1)3

is a square in Rp. It follows that there exists b € Rp such that (a —1)(a+2) = b?,
and we have

(2a —2b+1)(2a+2b+1)=9.

Therefore, we have

(2a —2b+1)2 —2(2a —2b+ 1) + 9

4(2a —2b+ 1) ’
which yields
29
a€ (Rp\{1})N {0404—9 :¢ € Rp and N(c) divides 81} )
c
and hence
{~3,-2,-1,0,2} if D=2

ac {—3,—2,#,%,2} if D=3
{-3,-2,2} otherwise
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TABLE 6. Decomposition of M]*" into irreducible factors in Rp[)]
for the values of D and a appearing in our proof of Lemma 32.

(D] a ] Factorization of M]*" in Rp|[}] \
-1 A3 — 152 + 255\ — 1457
0 AP — 47N + TTIN — 4861

—1oi/B 133 (21 4 14iy/3) A2 + (99 — 124iv/3) A — 1279 + 542iy/3
SIS 03 4 (21 — 14i/3) A% + (99 + 124i/3) A — 1279 — 542iv/3

w|w |||

Note that the polynomial
MM (A) = (A —31) (\? + 80X + 1231)

does not split into linear factors in Rp[A] since it has two non-integer real roots.
Moreover, the polynomials

M2 (\) = M 49N2 4123041307 and M (\) = A3 —231A2 417211\ —407861

do not split into linear factors in Rp[)\] either since they are irreducible over Q of
degree 3 and Rp is contained in an extension of Q of degree 2. This contradicts
the fact that Mj*" splits into linear factors in Rp[A] by Corollary 20 (see Table 6).
Thus, the lemma is proved. ([l

Finally, we have proved Theorem 9, which follows immediately from Lemma 28,
Lemma 31 and Lemma 32.
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