MODULI SPACES OF POLYNOMIAL MAPS AND MULTIPLIERS
AT SMALL CYCLES

VALENTIN HUGUIN

ABSTRACT. Fix an integer d > 2. The space Py of polynomial maps of degree
d modulo conjugation by affine transformations is naturally an affine variety
over Q of dimension d — 1. For each integer P > 1, the elementary symmetric
functions of the multipliers at all the cycles with period p € {1,..., P} induce
a natural morphism Multl(ip) defined on Py. In this article, we show that the
morphism Multf) induced by the multipliers at the cycles with periods 1 and

2 is both finite and birational onto its image. In the case of polynomial maps,
this strengthens results by McMullen and by Ji and Xie stating that Multglp>

is quasifinite and birational onto its image for all sufficiently large integers P.
Our result arises as the combination of the following two statements:
e A sequence of polynomials over C of degree d with bounded multipliers
at its cycles with periods 1 and 2 is necessarily bounded in P4(C).
e A generic conjugacy class of polynomials over C of degree d is uniquely
determined by its multipliers at its cycles with periods 1 and 2.

1. INTRODUCTION

Fix any integer d > 2. We wish here to describe the space Poly, of polynomials
of degree d from a dynamical perspective. The group Aff of affine transformations
acts on Poly, by conjugation, via ¢. f = ¢ o f o 1. Since conjugate polynomials
induce the same dynamical system, up to some change of coordinates, it is natural
to consider the space Py = Poly, / Aff of conjugacy classes of polynomial maps of
degree d. This quotient space Py is naturally an affine variety over Q of dimension
d — 1 called the moduli space of polynomial maps of degree d. As an affine variety,
P, is completely determined by its coordinate ring Q [P4], consisting of all regular
functions defined on Py. From a dynamical point of view, natural regular functions
on P, are given by the elementary symmetric functions of the multipliers at all the
cycles with any given period. Thus, it is natural to ask how well the multipliers at
the cycles describe the moduli space Py.

Suppose that K is an arbitrary algebraically closed field of characteristic 0 and
f € Poly (K). Recall that a point zy € K is periodic for f if there is some integer
p > 1 such that f°P (z9) = zo. In this case, the smallest such integer p is called the
period of zg and {f°™ (z0) : n > 0} is said to be a cycle for f. The multiplier of f
at zg is the number \ = (f°p)' (20) € K. The polynomial f has the same multiplier
at each point of the cycle. Moreover, the multiplier is invariant under conjugation:
if ¢ € Aff(K), then ¢ (z9) is periodic for ¢ . f with period p and multiplier A.
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Given f € Poly,(K), with K an algebraically closed field of characteristic 0, for
p > 1, we denote by Agcp) € KNS /GN(p> the multiset of multipliers of f at all its
d

cycles with period p, which depends only on the conjugacy class [f] € Pq(K). We
ask here if f € Poly,(K), with K an algebraically closed field of characteristic 0, is

characterized by its multiplier spectrum (Agcp )) . Since Py is finite-dimensional,
>1

we can even ask if Py is well described by the multipliers at the cycles with period
at most P for some integer P > 1.

For n > 1, we denote by A™ the affine space of dimension n over Q. For N > 1
and every algebraically closed field K, we have a natural bijection KV /&y = KV
given by the elementary symmetric functions. Via these identifications, for P > 1,

Lid )
we consider the multiplier spectrum morphism Mult((ip): Pa— [1 AN given by
p=1

Mult ([f]) = (ASP, . ,A;P)) .

Here, we show that the multipliers at the cycles with periods 1 and 2 provide a
good description of the space Py. More precisely, our main result is the following:

Main Theorem. Assume that d > 2 is an integer. Then Multl(f) induces a finite

birational morphism from Py onto its image E((f). Furthermore, if d € {2,3}, then
1

Mult((il) induces an isomorphism from Py onto its image X ;.

Remark 1. It follows from Main Theorem that Multfip) induces a finite birational

morphism from P, onto its image Efjp) for all P > 2. Moreover, if d € {2, 3}, then

Mult((ip) induces an isomorphism from P, onto its image E((ip) for all P > 1.

Remark 2. In general, Multgp) may not be an isomorphism onto its image Z((ip) for

any P > 1 (see Appendix B for details).

In fact, Main Theorem is a direct combination of Theorems A and C, which we
now present.

1.1. Degeneration of complex polynomial maps and multipliers at small
cycles. It is natural to investigate the behavior of multipliers under degeneration
in the space Py(C) of affine conjugacy classes of complex polynomials of degree d.
This study was notably conducted by DeMarco and McMullen in [DMO08]. We ask
here if degeneration in the space Py(C) is always detected by the multipliers at the
cycles with small periods.

The set Py(C) of conjugacy classes of complex polynomial maps of degree d is
naturally a complex orbifold of dimension d — 1. We say that a sequence (fy),
of elements of Poly,(C) degenerates in Py4(C) if the sequence ([f,]),,>, eventually
leaves every compact subset of P4(C). We can also express degeneration in P4(C)
in terms of maximal escape rates.

Given an algebraically closed field K of characteristic 0 equipped with an abso-
lute value |.| and f € Poly,(K), the Green function g;: K — R is given by

o1 on
gs(z) = lim —log" |f*"(2)]
and the mazimal escape rate My of f is defined by
My =max{gs(c) : c € K, f'(¢c) =0} .
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The maximal escape rate is invariant under conjugation. Moreover, in the complex

case, the maximal escape rate characterizes degeneration in Py(C). More precisely,

any sequence (fy),~, of elements of Poly,(C) degenerates in P4(C) if and only if
lim My, = +4o0.

n—+400
Now, given an algebraically closed field K of characteristic 0 equipped with an

absolute value |.| and f € Poly,(K), for p > 1, we define

1
M}p) = max ( 10g|)\|)
AeA‘(fm p

to be the maximal characteristic exponent of f at a cycle with period p.
By [Okul2], for every algebraically closed valued field K of characteristic 0 and
every f € Poly,(K), we have

. 1 1
pggloo W Z (p 10g|)\|> = log|d| + Z pe-gr(c),

)\GA(fp) cel'y

where I'y C K is the set of critical points for f and p. > 1 denotes the multiplicity

of c as a critical point for f for each ¢ € I'y, which yields s‘i? M}p) > My + log|d|.
p>

In particular, if (f,),>, is any sequence of elements of Poly,(C) that degenerates
in P4(C), then lim sup M}f) = 4o00. Thus, degeneration in Py(C) is detected by

n—-+o00 p>1
the full multiplier spectrum.
We show here that degeneration in P;(C) is already detected by the multipliers
at the cycles with periods 1 and 2. Explicitly, we obtain the following:

Theorem A. Assume that d > 2 is an integer and (fn)nzo s any sequence of
elements of Poly;(C) that degenerates in Py(C). Then
lim max {M}?,Mﬁ)} =+00.

n——+00

Furthermore, if d € {2,3}, then M](Ci) = 4o0.

lim
n—-+o0o
As a consequence of Theorem A, the morphism Mult((f) given by the multipliers
at the cycles with periods 1 and 2 is proper, and hence finite since Py is an affine
variety. In the polynomial case, this strengthens a result established by McMullen

in [McMB87] stating that Multfjp) is a quasifinite morphism for some integer P > 1.

By contrast, Fujimura proved in [Fuj07] that the morphism Mult((il) induced by the
multipliers at the fixed points is neither quasifinite nor surjective onto its scheme-
theoretic image Zgl) if d > 4.

Then, using the fact that Multg) is a finite morphism, we generalize Theorem A
to polynomials over any algebraically closed valued field of characteristic 0. More
precisely, we obtain the following stronger result:

Corollary A.1. Suppose that d > 2 is an integer and K is an algebraically closed
valued field of characteristic 0. Then there exist A € Rvg and B € R such that

max {M{", MP L > 4.0, + B

for all f € Poly (K). Moreover, if d € {2,3}, then there exist A € Rsg and B € R
such that Mj(fl) > A- My + B for all f € Poly,(K).
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We also deduce a relation between the critical height of any polynomial defined
over a number field and the standard heights of its multipliers at the small cycles.
Here, denote by h: Q — R> the standard height on the algebraic closure Q of Q.
Given f € Poly, (@), define Hy to be the critical height of f and, for p > 1, define

Hj(cp) = max h(\) (see Subsection 3.5 for details). We obtain the following:
AEAY

Corollary A.2. Suppose that d > 2 is an integer. Then there exist A € Rsq and
B € R such that

max { B, HP |} > 4 H; + B

for all f € Poly, (Q). Moreover, if d € {2,3}, then there exist A € Rsg and B € R
such that H](cl) > A-Hy + B for all f € Poly, (@)

In fact, we obtain Theorem A as a direct consequence of the quantitative result
below. In most cases, this is a stronger version of Corollary A.1. Furthermore, the
bounds in our statement are optimal.

Theorem B. Assume that d > 2 is an integer, K is an algebraically closed valued
field of characteristic O that is either Archimedean or non-Archimedean with residue
characteristic 0 or greater than d and f € Poly,(K). If d > 4, then

d—1 2d-1) g
MY > =My or MY > Cy- My, with cd:{ o s cven

25 ifdis odd

In addition, M{" > My if d =2, and M) > 2M; if d = 3.

Remark 3. Alternatively, one can establish Theorem A by relating bounded multi-
pliers to rescalings for sequences of polynomial maps and by counting some critical
points. Suppose that (fy,),,~, is a sequence of elements of Poly,(C). We say that a
sequence (¢,,),,, of elements of Aff(C) is a rescaling for (fn),, with period p > 1
and degree e > 2 if (qbn o ffPo ¢, 1)n>0 converges locally uniﬂ)rmly on C to some
g € Poly(C). We say that two rescalings (¢,),,~, and (1), ~, are independent if,
for each bounded subset D of C, we have ¢ (D) N (D) = @ for all sufficiently
large n. More precisely, to prove Theorem A, one can proceed as follows: Assume

that both sup M}l) < 400 and sup M}Z) < 400. Then, according to the discussion
n>0 n n>0 n

in [FTO08, Section 2], possibly passing to some subsequence, (fy), -, has pairwise
independent rescalings (¢;.,),,~, wWith period 1 and respective degrees d; > 2, with

r>1landje{l,...,r}, such that ) d; =d. If d € {2,3}, then r = 1, and hence
j=1

(fn)n>o does not degenerate in Py(C). Thus, assume that d > 4. Using again the
arguments of [FT08, Section 2] and passing to a subsequence if necessary, (fn),,>¢
has pairwise independent rescalings (vr,n),,~, With period 2 and respective degrees

er > 2, with s >0 and k € {1,...,s}, that are independent from all the (¢j7n)nzov

with j € {1,...,r}, and such that > d? + Y e = d?. Finally, given a sufficiently
j=1 k=1
large bounded subset D of C, define N > 0 to be the number of critical points for

S
f2in U w;i(D) for all sufficiently large n, counting multiplicities. Then one can
k=1
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show that N > 2(d — 1)(r — 1) and N < (d + 1)(r — 1), which yields r = 1. Thus,
the sequence (fy),,~, does not degenerate in P;(C). We refer the reader to [Fav24]
for a concise and complete proof of Theorem A using analogous arguments, which
considers the dynamical system induced by a meromorphic family of rational maps
on a certain Berkovich projective line (see [Kiwl5] for the correspondence between
rescalings and periodic points of type II in this Berkovich space).

Remark 4. While we provide lower bounds on max {M(l), MJ(?)} in terms of My,

with K an algebraically closed valued field of characteristic 0 and f € Poly, (K), it
is not difficult to prove reverse inequalities. In fact, for every p > 1, one can easily
establish an upper bound on M J(cp ) in terms of M ¢, with K an algebraically closed

valued field of characteristic 0 and f € Poly,(K) (see Appendix A for details).

Remark 5. Actually, one can prove that, if (f,),~, is any sequence of elements of

Poly,;(C) that degenerates in P4(C), then lirf M}z) = +00. Furthermore, under
n—+oo "
the hypotheses of Theorem B, one can show that M}2) > My if My > 0.

1.2. Determination of generic conjugacy classes of polynomial maps by
their multipliers at their small cycles. It is natural to ask how many polyno-
mial maps have the same multipliers, up to conjugation.

Fujimura showed in [Fuj07] that the induced morphism Multfil): Pq — Z((il) has
degree (d — 2)! (see also [Sugl7] and [Sug23]). Thus, generically, there are exactly
(d — 2)! elements of P4(C) that have the same multiset of multipliers at their fixed
points. Here, we prove that a generic element of Py(C) is uniquely determined by
its multipliers at its cycles with periods 1 and 2.

Theorem C. Assume that d > 2 is an integer. Then there is a nonempty Zariski-
open subset U of Py such that each [f] € U(C) is the unique [g] € Pa(C) such that

A_E,l) = AE}) and A§2) = A;z). Moreover, if d € {2,3}, then each [f] € Pq(C) is the
unique [g] € Py(C) such that Agl) = A;l).

In other words, Theorem C states that the morphism Mult((f) is birational onto

its image 2512). This proves a conjecture made by Hutz and Tepper in [HT13], who
had checked it when d € {2,3,4,5}. This also strengthens a recent result obtained

by Ji and Xie in [JX24] asserting that Mult((ip) is birational onto its image Z((ip) for
some integer P > 1.

Remark 6. In general, there may exist distinct elements [f], [g] € P4(C) such that
Agcl) = Agl) and Af) = AEJQ). For d = 4, we can describe precisely when this occurs
(see Appendix B).

1.3. Known results in the case of rational maps. The algebraic group PSLs
of Mébius transformations acts on the space Raty of rational maps of degree d by
conjugation. The quotient M, forms an affine variety over Q of dimension 2d — 2
called the moduli space of rational maps of degree d. As in the polynomial setting,
for each P > 1, the elementary symmetric functions of the multipliers at the cycles

—— (P P (p
with period p € {1,..., P} define a morphism Mult; ): Mg — ] AN
p=1
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— (1
Milnor showed in [Mil93] that the morphism Mult(2 : given by the multipliers of

quadratic rational maps at the fixed points is an isomorphism onto its image f)él).

Unlike the case of polynomial maps, if d > 4, then the morphism m((f) is not
proper for any P > 1. For example, if d is a perfect square, taking flexible Lattés
maps, one can find degenerating sequences in M4(C) whose elements all have the
same multisets of multipliers for each period. As another example, first examined
by McMullen in [McMS88], the sequence (f,),~; of elements of Rat;(C) defined by

fn(2) = 22 + -1z degenerates in M5(C) and has uniformly bounded multipliers for
each period. We refer to [Luo22] for a description of the hyperbolic components of
M (C) containing degenerating sequences with uniformly bounded multipliers for
each period. We also refer to [Fav24] and [Gon24]| for very recent results about the
behavior of multipliers under degeneration in M (C).

Now, denote by L5 C M, the locus of conjugacy classes of flexible Lattes maps
of degree d. Note that L4 is empty if d is not a perfect square, L4 is an irreducible
curve if d is an even square and Ly is the union of two irreducible curves if d is an
odd square (see [Mil06]). McMullen showed that, aside from flexible Lattés maps,
any conjugacy class of rational maps of degree d is determined up to finitely many
choices by its multiplier spectrum. Thus, McMullen established the following;:

Theorem 7 ([McM87, Corollary 2.3]). There exists an integer P > 1 such that the
— (P
restriction of Mult, = to Mg\ Lq is a quasifinite morphism.

In [GOV20], Gauthier, Okuyama and Vigny exhibited some integer P > 1 as in
Theorem 7 that can be explicitly computed from quantities related to bifurcations.
In addition, Ji and Xie established in [JX23] that, aside from flexible Lattés maps,
any conjugacy class of rational maps of degree d is already determined up to only
finitely many choices by its multisets of moduli of multipliers for each period.

Very recently, Ji and Xie also showed that a generic conjugacy class of rational
maps of degree d is uniquely determined by its multiplier spectrum.

Theorem 8 ([JX24, Theorem 1.3]). There exists an integer P > 1 such that the
—(P) ~
morphism Mult, s birational onto its scheme-theoretic image El(ip).
Moreover, Ji and Xie conjectured that Theorem C also holds for rational maps

——(2) ~
or, equivalently, that the morphism Mult; is birational onto its image Eff). This
conjecture was proved for cubic rational maps by Gotou in [Got23].

1.4. Outline of the paper. For the reader’s convenience, the sections are mostly
independent from each other.

In Section 2, we show that the moduli space P, exists as a geometric quotient,
we provide a precise definition of the multiplier spectrum morphisms 1\/Iultglp)7 with
P > 1, and we examine the cases of quadratic and cubic polynomials. In Section 3,
we prove Theorem B in the complex setting and we derive Corollaries A.1 and A.2
from Theorem A. In Section 5, we prove Theorem C. In Appendix A, we obtain a
few additional estimates on absolute values of multipliers of polynomial maps. In
Appendix B, we discuss isospectral polynomial maps and we describe the pairs of
quartic polynomials that have the same multipliers for periods 1 and 2.

Acknowledgments. The author would like to thank Xavier Buff for helpful discus-
sions, and in particular for stating a two-islands lemma. The author would like to
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thank Charles Favre for inquiring about Theorem A, which was the initial motiva-
tion for this paper, and for suggesting to investigate the non-Archimedean setting.
The author would also like to thank Igors Gorbovickis for helpful discussions.

2. MODULI SPACES OF POLYNOMIAL MAPS AND MULTIPLIER SPECTRUM
MORPHISMS

Throughout this section, we fix an integer d > 2.

2.1. Moduli spaces of polynomial maps. First, let us present the space Py of
polynomial maps of degree d modulo conjugation by an affine transformation, and
specifically let us describe its algebraic and complex analytic structures. Here, we
shall elaborate on the similar discussion in [FG22, Section 2.1].

We shall start by showing that this space P, exists as a geometric quotient and
affine variety over Q. The analogous statement about the space M, of all rational
maps of degree d modulo conjugation by a Mobius transformation was obtained by
Silverman in [Sil98] by using the geometric invariant theory developed by Mumford
in [MFK94].

As we work over a non-algebraically closed field, we shall first briefly recall some
material from algebraic geometry. For more details, we refer the reader to [Mill7],
[MFK94] and [Pool7].

Here, we call variety over Q any scheme X that is geometrically reduced, sepa-
rated and of finite type over Q. For each variety X over Q and each commutative
Q-algebra R, we denote by X (R) the set of R-valued points of X. For each n > 1,
we denote by A™ the affine space of dimension n over Q.

Here, we call algebraic group over Q any variety G over QQ together with a point
e € G(Q) and morphisms m: G x G — G and inv: G — G of varieties over Q that
satisfy the usual group axioms, where e, m and inv represent the identity element,
the group law and the inversion, respectively. Given any algebraic group G over Q
and any commutative Q-algebra R, the set G(R) has a natural group structure.

Given an algebraic group G over Q and a variety X over Q, we call action of G
on X any morphism 6: G x X — X of varieties over Q such that the induced map
0: G(R) x X(R) — X(R) is a group action for each commutative Q-algebra R.

Suppose that G is an algebraic group over Q, X is a variety over Q and G acts
on X via a morphism 6: G x X — X. For each commutative Q-algebra R, denote
here by (g,z) — g .z the induced group action §: G(R) x X(R) — X(R). Given a
variety Z over Q, we say that a morphism ¥: X — Z is invariant under the action
6 if, for every commutative Q-algebra R, we have ¥(g.x) = ¥(z) for all g € G(R)
and all z € X(R). In fact, given an algebraically closed field K of characteristic 0,
any morphism V: X — Z, with Z a variety over Q, is invariant under 6 if and only
if U(g.x)="(z) for all g € G(K) and all z € X(K). If X is affine, we denote by
Q[X]% the commutative Q-algebra of all regular functions on X that are invariant
under 9 when viewed as morphisms from X to Al.

Suppose again that some algebraic group G over QQ acts on a variety X over Q.
Here, we call geometric quotient of X by G any variety X/G over Q together with
a morphism 7: X — X/G that satisfies the following conditions:

(1) for any algebraically closed field K of characteristic 0, we have
(X/G)(K) = X(K)/G(K),
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in the sense that the induced map 7: X (K) — (X/G)(K) is surjective and
its fibers are precisely the orbits {g.z : g € G(K)}, with z € X (K);

(2) the space X/G has the quotient topology: any subset U of X/G is open if
and only if 771(U) is an open subset of X;

(3) for every open subset U of X/G, each regular function ¢ on 7=(U) that
is invariant under the induced action of G on 7~(U) factors as ¢ = ¢ o,
with 1 a regular function on U.

If a variety X/G over Q with a morphism 7: X — X/G is a geometric quotient of
X by G, then it is also a categorical quotient: each invariant morphism ¥: X — 7|
with Z a variety over Q, factors as ¥ = ¥ o 7 in a unique way, with ¥: X/G — Z
a morphism. In particular, a geometric quotient of X by G (if it exists) is unique,
up to isomorphism.

We shall now state general results about existence of geometric quotients. First,
we have the well-known result below about geometric quotients of affine varieties
by finite algebraic groups. We omit here the proof and refer to [SGA70, Exposé V,
Théoréme 4.1] for a more general statement.

Lemma 9. Suppose that G is some finite algebraic group over Q that acts on an
affine variety X over Q. Then Q[X]Y is a finitely generated commutative Q-algebra.
Moreover, the affine variety X/G over Q such that Q[X/G] = Q[X]€ together with
the morphism 7: X — X /G induced by the inclusion Q[X]¢ C Q[X] is a geometric
quotient of X by G. Furthermore, 7 is a finite morphism.

Now, suppose that an algebraic group G over QQ acts on a variety X over Q and
Y is a closed subvariety of X. We call stabilizer of Y the algebraic subgroup H of
G such that H(K) ={g € G(K) : g.Y(K) CY(K)}, where K is any algebraically
closed field of characteristic 0. Note that the action of G on X yields an action of
HonY. If X is affine and H is finite, then a geometric quotient Y/H of Y by H
exists by Lemma 9. Under some additional assumption implying that every orbit
{g.2:9€ G(K)}, with z € X(K), has a nonempty intersection with Y (K'), where
K is any algebraically closed field of characteristic 0, a geometric quotient X/G of
X by G also exists and X/G = Y/H. More precisely, we have the following result.
We omit the proof and refer to [SGAT0, Exposé V, Lemme 6.1] for a more general
statement expressed in terms of groupoids.

Lemma 10. Suppose that G is some algebraic group over Q that acts on an affine
variety X over Q via a morphism 0: G x X — X. Also assume that there exists a
closed subvariety Y of X such that the induced morphism 0: G XY — X is finite,
flat and surjective. Then the stabilizer H of Y 1is finite and the closed immersion
11 Y < X induces an isomorphism v*: Q[X]% — Q[Y]H of Q-algebras. Therefore,
a geometric quotient Y/H of Y by H exists, Q[ X|“ is a finitely generated commu-
tative Q-algebra and the affine variety X/G over Q such that Q[ X/G] = Q[X]¢ is
isomorphic to Y/H. Furthermore, X/G together with the morphism 7: X — X/G
induced by the inclusion Q[X]% C Q[X] is a geometric quotient of X by G.

We now turn to the construction of the moduli space P, of polynomial maps of
degree d. Consider the space

Polyd:{adzd+~-~+alz+a0:ad7£0}
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of all polynomial maps of degree d. Identifying a polynomial with its coefficients,
Poly, is naturally an affine variety over Q such that

Q[Poly,] =Q [ao, ai, ..., ad,agl} .
Also, the space Aff = {az + 8 : a # 0} of all affine transformations is an algebraic
group over Q under composition. Moreover, Aff acts on Poly, by conjugation, via
¢« f=c¢ofog . We shall prove the existence of some geometric quotient Py of
Poly,; by Aff, which is necessarily unique up to isomorphism.

Remark 11. As the algebraic group Aff is not reductive, one cannot directly apply
the geometric invariant theory developed in [MFK94] to prove that there exists a
geometric quotient P4 of Poly, by Aff.

Now, consider the space
Poly = {2% + b2z + -+ + b1z + by}
of all monic centered polynomial maps of degree d. Note that Polyy° is naturally
a closed subvariety of Poly,;. Moreover, its stabilizer for the action of Aff on Poly,
by conjugation is the algebraic subgroup pg—1 = {w twidl = 1} of Aff, under the
identification of w € ug_1 with wz € Aff. Thus, we have an induced action of pg_1
on Poly'® by conjugation, which is given by

d—2 d—2
w. |24+ E bl | =24+ E whIb2d
i=0 =0

Moreover, since jq_1 is finite and Poly})'® is affine, the Q-algebra Q [Poly} )"~ is
finitely generated and the affine variety P}'° over Q such that

Q[P7*] = Q[Polyg )"
together with the natural morphism 745°: Poly}'® — P° is a geometric quotient
of Poly3'® by pa—1, according to Lemma 9.

Finally, we shall apply Lemma 10 to prove the existence of a geometric quotient
Py = PP of Poly, by Aff. To do so, let us first prove the statement below, which
implies the well-known fact that each polynomial of degree d over an algebraically
closed field of characteristic 0 is conjugate to a monic centered polynomial. Here,
we denote by 6: Aff x Poly}'® — Poly, the morphism induced by the action of Aff
on Poly, by conjugation.

Claim 12. The morphism 6: Aff x Poly}'® — Poly, is finite, flat and surjective.

Proof. For simplicity, write

R=Q[Poly,] =Q [ao,al, .o, aq, a;l]
and
S =QIAff x Poly] = Q [, @', B, by, ..., ba—s] .
Also denote by K an algebraic closure of the field of fractions Q (Poly,) of R. For
each ¢ € K such that £~ = a4, we have

d d—2
ad—lg 1 &) 4 mc
(§z+ M) .Zajzj = zd—|—ZBj(- )i e Poly3 (Re) ,
7=0 Jj=0
with
RE:Q[GO,"'aad—hE?gil] and B(()§)77Bc(l£—)2€R£7
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and hence

d—2 d
1 ad—l) d () 5 j
—z — 2+ B2 | = a2 .
(é’ d.ad Z J ]go J

j=0
In addition, for each j € {0,...,d — 2} and all &;,& € K such that «ff*l = aq and
371 = ag, we have He, ¢, (BJ(.&)) = B](.52)7 where He, ¢, Re, — Rg, is the unique

Q-algebra homomorphism such that He, ¢, (ar) = a for all k € {0,...,d — 1} and
He, ¢, (&1) = &. Therefore, for each j € {0,...,d — 2}, the polynomial

um = I (r-BY)
EEK, Ed71=a,

lies in R[T|. For j € {0,...,d — 2}, define P; = 0* (Q;) € S[T], where 0*: R — S
denotes the Q-algebra homomorphism induced by 6: Aff x Poly}' — Poly,. Now,
consider the closed subvariety Z of Aff x Poly;'® given by

Z = {ad—l e (;)}m{ﬁze* (;@;)}mﬁ{g (b;) = 0} .

Then the morphism 6: Z — Poly, is finite and surjective. In particular, we have

dim(Z) > dim (Poly,;) = d + 1 = dim (Aff x Poly}) ,

and hence Z = Aff x Polyy'® since Aff x Poly;“ is irreducible. Thus, the morphism
0: Aff x Poly}]'® — Poly, is both finite and surjective. Finally, as Aff x Poly}' and
Poly,; are both smooth over @, the morphism 6 is also flat by the miracle flatness
theorem (see [Mat86, Theorem 23.1]). Thus, the claim is proved. O

By Lemma 10 and Claim 12, the closed immersion 2: Poly;'® < Poly, induces
mC]Hd—l

an isomorphism 2*: Q [Polyd]Aff — Q[Polyy
the commutative diagram below.

of Q-algebras, and thus we have

Q[Poly,)*" Q [Polyg)"*

Q[Poly,] Q [Polyy“]

Moreover, the affine variety Py over Q given by Q [Py] = Q [Poly,]*" together with
the morphism 74: Poly, — Py induced by the inclusion Q [Poly,]*" C Q [Poly,] is
a geometric quotient of Poly,; by Aff. This variety P; has dimension d — 1 and is
called the moduli space of polynomial maps of degree d. We have the commutative
diagram below.

Poly© < Poly,
e Td
Pre Pa
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For f € Poly,(R), with R a commutative Q-algebra, we write [f] = m4(f) € Pa(R).

Remark 13. One can explicitly describe the inverse of the Q-algebra isomorphism
2*: Q[Poly,)*™ — Q[Poly®]**~*. Suppose that ¢ € Q [Poly]*~*. Write

Q[Poly,] = Q[ao,a1,...,a4,a;'] and Q[Poly}] = Qlbo,...,bs_2] ,

denote by Q (Poly,) the algebraic closure of the field of fractions of Q [Poly,] and
choose any ¢ € Q (Poly,) such that ¢! = a4. Now, define

0= (3597...,3532) ,

with B(()g), cee B((f_)Q € Q(Poly,) as in the proof of Claim 12. Then ¢ € Q [Poly,].
Moreover, ¢ is the unique element of Q [Polyd]AH such that +*(p) = .

Remark 14. For every field K of characteristic 0, the base change Aff i of Aff to K
also acts on the base change (Poly,), of Poly, to K by conjugation, and the base
change (Pg) ;- of Pq to K is a geometric quotient of (Poly,), by Affx.

Finally, we shall briefly describe the complex analytic structure of Pg(C). The
set P4(C) of complex polynomial maps of degree d modulo conjugation by complex
affine transformations is naturally a complex analytic space of dimension d — 1. In
fact, since Poly,(C) = C? x C* is a complex manifold and the action of Aff(C) on
Poly,(C) by conjugation is proper, faithful and its stabilizers are all finite, P;(C)
is a complex orbifold. Moreover, P7°(C) is also a complex orbifold, and we have a
natural biholomorphism P4(C) = P¢(C). The complex topology of P4(C) is the
quotient topology: any subset U of Py(C) is open if and only if ng(U) is an open
subset of Poly;(C). We refer to [Car22] for further information about orbifolds.

We say that a sequence (fy),,~o of elements of Poly,;(C) degenerates in P4(C) if,
for every compact subset K of Py(C), we have [f,] € P4(C) \ K for all sufficiently
large n. Thus, any sequence (f,),~, of elements of Poly,;(C) degenerates in Pg(C)
if and only if there does not exist any sequence (¢,,), -, of elements of Aff(C) such
that (¢, « fn),>o has a convergent subsequence in Poly,(C). We can also express
degeneration in P4(C) in terms of maximal escape rates. Explicitly, any sequence
(fn)p>o of elements of Poly,(C) degenerates in the moduli space P4(C) if and only
if nglilw My, = +oo (see [BH88, Proposition 3.6]).

2.2. Multiplier spectrum morphisms. Now, let us give a precise definition of
the morphisms Multglp), with P > 1. To do this, we shall first recall the notions of
dynatomic and multiplier polynomials associated with a polynomial map. We refer
the reader to [MP94] and [VH92] for further details.

Suppose that R is any Q-algebra that is an integral domain and f € Poly,(R).
Then there is a unique sequence (q);p )> of elements of R|[z] such that, for each
p>1

p > 1, we have

) -z =[2% 2.

klp
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For p > 1, the polynomial <I>5£p ) e R|z] is called the pth dynatomic polynomial of f.
For every p > 1, we have deg ((bgpp)) = I/l(ip), where

=g

k|p

and p: Z>1 — {—1,0,1} denotes the Mobius function.
The result below gives the relation between the periodic points of a polynomial
map and its dynatomic polynomials.

Proposition 15 ([MS95, Proposition 3.2]). Assume that R is any Q-algebra that

is an integral domain, f € Poly,(R) and p > 1. Then zy € R is a root of q);p)
if and only if either zy is a periodic point for f with period p or zy is a periodic
point for f with period a proper divisor k of p and multiplier a primitive ¥ th root
of unity.

Suppose that R is any Q-algebra that is an integral domain and f € Poly,(R).
For every p > 1, there exists a unique monic polynomial x;p ) e R[\] such that

_m®

WO = ag " res. (0P ()0 = (17 (=)

where ag € R* denotes the leading coefficient of f, res, denotes the resultant with

respect to z and
mglp) = i(;(ip_l) lfp =1 .
g ifp=>2

For p > 1, the polynomial chp) € R[)] is called the pth multiplier polynomial of f.

(»)
For every p > 1, we have deg (chp)) = Ncgp), where thp) = VdT.
For an algebraically closed field K of characteristic 0, f € Poly,(K) and p > 1,
we denote by Agcp) € KNép)/GN@) the multiset of roots of chp).
d

Using Proposition 15, we immediately obtain the result below, which relates the
multiplier polynomials of a polynomial map to its multipliers.

Proposition 16. Assume that K is an algebraically closed field of characteristic
0, f € Poly,(K) and p > 1. Then XA € K lies in Agcp) if and only if at least one of
the following two conditions is satisfied:

e )\ is a multiplier of f at a cycle with period p;
e A=1 and f has a cycle with period a proper divisor k of p and multiplier
a primitive £ th root of unity.

In particular, if f has no parabolic cycle with period dividing p, then Agcp) consists
precisely of the multipliers of [ at its cycles with period p.
Now, consider the generic polynomial

d

f(z) =) a2’ € Poly, (Q[Poly,]) .

Jj=0
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For p > 1, write
N((ip)
(p) . () _
XF' ) = AV 3 (1) eIV € Q[Polyg] [N
j=1
Specializing, for every Q-algebra R that is an integral domain, every f € Poly,(R)
and every p > 1, we have

N;p)

(p) . (p) _ .

XPO) =2V 1 3 (1)) (AN i
j=1

Thus, for every algebraically closed field K of characteristic 0, every f € Poly,(K)
and every p > 1, the crc(ipj). (f), with j € {1, ceey N(gp) }, are the elementary symmetric

functions of the elements of Agcp ).

As the multiplier is invariant under conjugation,
it follows that the regular function U(p ) eQ [Poly,] is invariant under the action of

Aff on Poly, by conjugation for each p > 1 and each j € { yoe o, N Lgp )}. Therefore,

for every p > 1 and every j € {1, o N ép ) }, there exists a unique regular function

(p) € Q[P4] such that o; P) (= agfj)-(f) for each commutative Q-algebra R and
each f € Poly,(R). For P Z 1, we define the multiplier spectrum morphism

P
@ _ ((,m (P) . N
Mult!) = <( dvﬂ)1<j<N<1>’ ”’(Ud’j)1<j<N;P)> Py [[ AN
<i< e

For P > 1, we denote by E(P) the scheme-theoretic image of MultfiP), which equals

P P
the Zariski-closure of Mult (Pd(@)) [T AN &
p=1
Finally, we shall recall a few facts about the multipliers at the fixed points. For
every algebraically closed field K of characteristic 0 and every f € Poly,(K) such

that A # 1 for all A € AL, we have

Z : 0
1-X '
AGA;“

The relation above is known as the holomorphic fixed-point formula. Therefore, in
Q[P4], we have

d+2 a5 =0.

In fact, denoting by s1,...,sq the standard coordinates on A%, we have

d
Z —j)s; =09 CA?,

and Fujimura showed in [Fuj07] that the morphism Mult(l) Py — 2(1) has degree

(d —2)!. In addition, Fujimura also proved that the morphism Mult{! d : Pg — E(l)
is neither surjective nor quasifinite when d > 4. We refer the reader to Suglyama S
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articles [Sugl7] and [Sug23] for the exact number of conjugacy classes [f] € Py(C)
that satisfy Agcl) = A, for each A € C?/&, such that X # 1 for all A € A.

2.3. The cases of quadratic and cubic polynomial maps. To conclude this
section, let us briefly describe the moduli spaces Py and P3 of quadratic and cubic

polynomial maps, respectively, and show that the morphisms Multgl) and Multgl)
induced by the multipliers at the fixed points are isomorphisms onto their images.
The results presented here are well known.

Example 17. We first study the case of quadratic polynomial maps. Since we have
a natural isomorphism P, = P3¢, we may restrict our attention to monic centered
quadratic polynomials. As p; = {1} is the trivial algebraic group, we have

Pe = Poly = {22 + ap} and Q[PE] = Q [Poly}] = Q ag] -

Now, computing the polynomial x;l) € Q[P [A] for f(2) = 22 + ag € Polyy™, we
obtain
o3 =2€Q[Py] and ob}) = dag € Q [Py

via the natural isomorphism Py = P3*°. Therefore, we have
Q=] =@ vl o] = Qlao] = @PF ],
where Eél) denotes the image of the morphism Multél) = (O’Sl), 0512)) D PIe — A2,

Thus, Multél) induces an isomorphism from P, onto its image Egl).

Example 18. We now turn to the case of cubic polynomial maps. A similar
discussion can be found in [Mil92, Appendix A]. As P3 = P, we restrict our
attention to monic centered cubic polynomials. Recall that

Poly5'™ = {z?’ + a1z + ao}
and that the algebraic group pe = {£1} acts on Poly5' by
W (23+a12+a0) :z3+alz+wa0.

Therefore, we have

Q[Py] = Q[Polyy)"* = Qla, 8], with a=a; and B =a3.
Now, for simplicity, write s; = 05(371; for j € {1,2,3}. Computing X;l) € Q[Pye] [N
for f(2) = 2% + a1z + ag € Polyy, we obtain

s51=-3a+6, so=-—-6a+9 and s3=40>— 1202+ 9a + 2753

via the natural isomorphism Ps = P3¢, which yields

-1 4 4 1 1 2
= — 2 d =—5 — —s2 4~ —83— —.
« 3 s1+ and f 72981 8181+ 981 + 2753 >

Therefore, we have
Q [=8"] = Qs1, 52, 55] = Qlv ] = Q[PY™]

where Egl) denotes the image of the morphism Multél) = (81,52, 83) : PR — A3
Thus, Mult:gl) induces an isomorphism from Pz onto its image Eél) .
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3. MULTIPLIERS AT SMALL CYCLES AND MAXIMAL ESCAPE RATES FOR COMPLEX
POLYNOMIAL MAPS

In this section, we shall first prove Theorem B in the complex case. Our proof
is inspired by the article [DMO08] by DeMarco and McMullen. It relies on a combi-
natorial argument and on an inequality relating the modulus of the multiplier at a
repelling periodic point and the modulus of some annulus. As the latter is already
known, the main novelty here is a combinatorial result concerning sublevel sets of
the Green function of a polynomial map with disconnected Julia set. Nonetheless,
we provide a detailed proof of Theorem B in the complex setting for completeness
and to exhibit the similarity with our proof in the non-Archimedean case. Finally,
we shall close this section by deriving Corollaries A.1 and A.2 from Theorem A.

We fix here an integer d > 2. In this section and in the next one, we sometimes
use the letter e to denote the degree of certain maps, but we never write e for the
exponential function, which we denote by exp.

3.1. The Green function of a complex polynomial map. First, let us recall
some well-known facts regarding the Green function of a complex polynomial map.
We refer to [CG93, Chapter III, Section 4] and [DH84, Exposé VIII, Section I] for
further information.

Suppose that f € Poly,(C). Recall that the filled Julia set Ky of f is given by

Ky = {Z e C:sup|f°™(z)| < —|—oo} .

n>0

Also recall that the Green function gy: C — Rxq of f is given by

: 1 on
gr(=) = lim - log" |f°"(2)]

n—-+oo

This map gy is well defined, continuous and subharmonic on C and it is harmonic
on C\ ;. Moreover, we have gy o f =d- g; and g;(z) = log|z| + O(1) as z — oo,
and in particular {g; = 0} = K. Define the mazimal escape rate My of f by

M; = max {gy(c) : c € C, f'(c) = 0} .

It follows from the Riemann-Hurwitz formula that the set Ky is connected if and
only if My = 0 or, equivalently, if and only if the critical points for f all lie in Ky
(see [Bea91, Theorem 9.5.1]).

Note that f is conjugate to z +— z% near infinity by Bottcher’s theorem since oo
is a fixed point for f with local degree d, viewing f as a rational map f: C - C.
In fact, there exists a biholomorphism

o5 {gr > Mg} — C\ D (0,exp (My))
such that lim ¢(z) = co and ¢fo f = qb?. This biholomorphism ¢; is unique up
Z—r 00

to multiplication by a (d — 1)th root of unity and is called a Béttcher coordinate of
f at infinity. Moreover, we have gy = log|¢¢|.

Now, we say that a compact subset K of C is full if the set C\ K is connected.
It follows from the maximum principle that {gf < n} is a full compact subset of C
for all n € R>¢. In addition, {g; < n} is the interior of {g; < n} for all n € Ry as
gy has no local maximum on C\ ;. Therefore, for every n € Ry, the connected
components of {g; < n} are all bounded simply connected subsets of C. Moreover,
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for every n € Rsq, the connected components of {g; < n} all intersect Ky since gy
has no local minimum on C\ Ky.

For each n € [My,400), the set {g; < n} is connected as C\ {g¢ < n} is biholo-
morphic to C \ D (0, exp(n)) under any Bottcher coordinate ¢; of f at infinity. As
a result, {gy < n} is also connected for all n € (M, +00). In contrast, we have the
following:

Lemma 19. Suppose that f € Poly,(C) has a disconnected filled Julia set Ky, and
define C > 1 to be the number of critical points c € C for f such that gr(c) = My,
counting multiplicities. Then {gy < My} has exactly C + 1 connected components.

Proof. Denote here by Un,...,Un the connected components of {g; < M;}, with
N >1. For j € {1,...,N}, denote by C; > 0 the number of critical points for f in

N
U;, counting multiplicities. Note that )  C; =d—1—C. Now, as
j=1

{95 < Mg} = ({gr < d-My}),
the map f: U; — {g5 < d- My} is proper of degree d; > 1 for each j € {1,..., N},
N
and we have d = ) d;. In addition, for each j € {1,..., N}, we have d; = C; +1
j=1

by the Riemann-Hurwitz formula because Uj is simply connected by the previous
discussion. Therefore, we have

N
d=> (C;j+1)=d-1-C+N,
j=1
and hence N = C' + 1. Thus, the lemma is proved. O

Remark 20. In fact, we shall only use the well-known fact that, if f € Poly,(C) has
a disconnected filled Julia set K, then {g; < My} is disconnected.

3.2. A combinatorial argument. Now, let us count the critical points in certain
sublevel sets of the Green function to obtain a result implying that the Julia set of
any polynomial map either is connected or has a connected component consisting
only of a periodic point with period 1 or 2. We shall present this as a consequence
of a general two-islands lemma.

To obtain our two-islands lemma, we shall prove a result regarding preimages of
simply connected domains under holomorphic maps. To do so, we shall first prove
the general fact below.

Lemma 21. Suppose that X is a topological space that is both connected and locally
connected, A is a connected subset of X and B is a clopen subset of X \ A. Then
AU B is connected.

Proof. Note that the desired result is immediate if A = @. From now on, suppose
that A # @. Then it suffices to prove that A U C is connected for each connected
component C' of B. Thus, assume that C' is a connected component of B. Denote
by D the connected component of X \ A containing C. Then BN D = D because
BN D is a nonempty clopen subset of D and D is connected, which yields D C B,
and hence D = C. Thus, C is a connected component of X \ A, and in particular

90 C (X \ A) = dA
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since X is locally connected. Furthermore, C # & since, otherwise, C' would be a
nonempty clopen subset of X contained in X \ A. Choose x € 9C. If z € A, then
r € ANC. Now, suppose that z € X \ A. Denote by C’ the connected component
of X \ A containing x. Then C' U C’ is connected because C' and C are connected
and z € CNC’, and hence C = C’. As a result, z € AN C. Thus, we have proved
that ANC # @ or ANC # @. As A and C are connected, it follows that AU C' is
connected. This completes the proof of the lemma. O

Using the previous lemma, we obtain the general result below, which the author
was unable to find in the literature.

Lemma 22. Suppose that U,V are nonempty simply connected open subsets of C
and f: U — C is a holomorphic map. Then every connected component of f=1(V)
is simply connected.

Proof. Note that the desired result is immediate if f is constant. Assume now that
f is not constant. Recall that a connected open subset D of C is simply connected
if and only if C \ D is connected, where C is the Riemann sphere. Suppose that Uy
is a connected component of f~1(V), and let us show that Uy is simply connected.
Thus, assume that A is a clopen subset of C \ Uy that does not contain co, and let
us prove that A = &. Note that A\ U is a clopen subset of C \ U, which does not
contain oo, and hence A C U since U C C is simply connected. Now, define

B=f(AUU,)\V.

Then B is an open subset of C \ V since AU Uy = C \ ((@ \ UO) \A) is an open
subset of U and the map f is open. Moreover, we have

B=f(A\f7'(V))

and A\ f~1(V) is a compact subset of U since it is closed in C. It follows that B
is compact, and in particular it is also closed in C \ V. Therefore, B = & because
V C C is simply connected and B C C, and hence A C f~1(V). Moreover, A U U,
is connected by Lemma 21. Therefore, A C Uj since Uy is a connected component
of f~1(V), and hence A = @. This completes the proof of the lemma. O

Finally, counting critical points, we deduce the two-islands lemma below. This
statement, which greatly simplified the author’s exposition, was communicated to
him by Buff. For comparison, we refer the reader to [Ber00] for information about
the classical Ahlfors five-islands theorem.

Lemma 23. Suppose that U,V are nonempty simply connected open subsets of C,
f:U — V is a proper holomorphic map and Vi, Vs are disjoint nonempty simply
connected open subsets of V. Then there exist an index j € {1,2} and a connected
component U; of f~1(V;) such that f induces a biholomorphism from U; to V;.

Proof. Denote by e > 1 the degree of f: U — V. For j € {1,2}, denote by C; >0

the number of critical points for f in f~! (V;), counting multiplicities. Then
e=C’+1ZCl+C’2+122min{C’1,C’2}—|—1

by the Riemann—-Hurwitz formula, where C' > 0 is the number of critical points for

f in U, counting multiplicities. Now, for j € {1, 2}, denote by U;l), cey U;Nj), with

N; > 1, the connected components of f~! (V;). Then, for each j € {1,2} and each
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¢ed{l,...,N;}, the map f: UJ@ — V; is proper of degree ey) > 1. For j € {1,2},
i

we have e = > ey). Moreover, U ]@) is a simply connected open subset of C for all

=1
je{l,2}andall ¢ € {1,..., N;} by Lemma 22. By the Riemann-Hurwitz formula,
it follows that ey) = CJ(-E) + 1, where C’]@ > 0 is the number of critical points for f
in U;e), counting multiplicities, for all j € {1,2} and all £ € {1,..., N;}. Thus,

N;

Vie{l2he=Y (cf) +1) =Cj+N;.
=1
Therefore, there exists j € {1,2} such that C; < N; as, otherwise, we would have
e < 2min {C4,C3}. Then OJ@ =0 for some ¢ € {1,...,N,}, and we have egé) =1.

Thus, f induces a biholomorphism from U ]@ to Vj, and the lemma is proved. [

Remark 24. In fact, under the hypotheses of Lemma 23, one of the following two
conditions is satisfied:

(1) there exist an index j € {1,2} and distinct connected components U ;1) and

U ](2) of f~1(V;) that are both mapped biholomorphically onto V; by f;

(2) there exist connected components U; and Uy of f=1 (V;) and f~1 (Va) that
are mapped biholomorphically onto V; and V5 by f, respectively.

Returning to our proof of Lemma 23, the condition (1) is satisfied if C; # Cs and
the condition (2) is satisfied if C; = Cj.

Applying the previous lemma to a dynamical setting, we easily obtain the result
below, which is a key ingredient in our proof of Theorem B in the complex case.

Lemma 25. Suppose that f € Poly,(C) has a disconnected filled Julia set Kj.
Then one of the following two conditions is satisfied:
(1) there exists a connected component U of {gf < %} such that f induces

a biholomorphism from U onto the connected component V' of {gy < My}
containing U;

(2) for all distinct connected components V,V' of {gy < My}, there exists a
connected component U of {gf < %} contained in 'V such that f induces
a biholomorphism from U onto V'.

In addition, if d € {2, 3}, then there exists a connected component V of {gy < My}
such that f induces a biholomorphism from V onto {gf < d- M;y}.

Proof. If the condition (1) is satisfied, we are done. Now, suppose that this is not
the case, and let us show that the condition (2) is satisfied. Assume that V,V’ are
two distinct connected components of {gy < Ms}. Then f: V — {gy <d- My} is

a proper map and there is no connected component of { gr < %} contained in V'
that is mapped biholomorphically onto V' by f. As a result, by Lemma 23, f maps
a connected component of { gy < %} contained in V' biholomorphically onto V.

Thus, the desired result is proved.
Now, assume that d € {2,3}. Denote by Vi,...,Vy, with N > 2 the connected
components of {gy < M;}. For j € {1,...,N}, themap f: V; — {gy <d- My} is
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N
proper of degree d; > 1. We have d = ) d;. Therefore, as N > 2 and d < 3, there

j=1
exists j € {1,..., N} such that d; = 1. Thus, f induces a biholomorphism from V;
onto {gy < d- My}, and the lemma is proved. ]

Remark 26. As the connected components of {g; < n}, with n € Rsq, are known to
be simply connected, our proof of Lemma 25 does not actually require Lemma 22
and one could have simply added as an assumption in the statement of Lemma 23
the fact that the connected components of f~! (V;), with j € {1,2}, are all simply
connected. Nonetheless, Lemmas 22 and 23 are of interest in their own right.

Remark 27. Using Remark 24, one can replace the condition (1) in the statement
of Lemma 25 by the following one:

1’) there exist a connected component V of {gf < M} and distinct connected
I f
components U, U’ of {gf < %} contained in V' such that f maps both U
and U’ biholomorphically onto V.

As a consequence of Lemma 25, we easily obtain the result below, which is not
used in our proof of Theorem B but may be of independent interest.

Proposition 28. Assume that f € Poly,(C) has a disconnected filled Julia set K;.
Then K¢ has a connected component that consists only of a periodic point for f
with period 1 or 2. Furthermore, if d € {2,3}, then Ky has a connected component
that consists only of a fized point for f.

Proof. Assume for a moment that the condition (2) of Lemma 25 holds. Denote by
Vi,...,Vn, with N > 2, the connected components of {g; < My}. Then there are

connected components Uy, Us of { gr < %} contained in Vi, Vo, respectively, such
that f induces biholomorphisms from U; to V5 and from Us to V;. Define g1 to be
the inverse of f: U; — Va. Then ¢; (Uy) is a connected component of {gf < %}
contained in U; and the map f°2: g; (U;) — V; is a biholomorphism.

Thus, by Lemma 25, there exist n € Rsq, p € {1,2} and a connect component U
of { gr < d%} such that f°P induces a biholomorphism from U onto the connected
component V of {gy < n} containing U, and we can take p =1 if d € {2,3}. Now,
denote by g the inverse of f°P: U — V, and define

S=()g"WU).
n>0
Let us show that S is a connected component of Ky, which consists only of a fixed
point for f°P. Note that S C K¢ because U is bounded. Moreover, S is nonempty

and connected since S = () ¢°" (U) is the intersection of a decreasing sequence of
n>0

nonempty, connected and compact subsets of C. Now, denote by C' the connected

component of K¢ containing S. Then, for every n > 0, we have

fre)y ek c{or <} and @ # fS) < £O)NT,

and hence f°P"(C) C U as f°P"(C) is connected and U is a connected component
of { gr < d%} It follows by induction that

Yn>0,C =g°" (fP"(C)) C¢""(U).
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Thus, C = S. Now, note that g is contracting with respect to the Poincaré metric
on V by the Schwarz lemma, since U € V. Therefore, S consists of a single point,
which is necessarily fixed for f°P because S is invariant under f°P. This completes
the proof of the proposition. O

Remark 29. Note that, if f € Poly,(C) has a disconnected filled Julia set /Cf, then
K¢ has uncountably many connected components. In [QY09], Qiu and Yin proved
that, for every f € Poly,(C), all but countably many connected components of K
consist of a single point. In contrast, as shown by McMullen in [McM88], there are
rational maps f: C — C whose Julia set J. ¢ is disconnected but has no connected
component that consists of a single point. The existence of connected components
of the Julia set consisting of a single point for transcendental maps was studied by
Dominguez in [Dom97] and [Dom98].

Remark 30. In fact, using Remark 27, one can show that, for every f € Poly,(C),
either K¢ is connected or K¢ has a connected component consisting only of a peri-
odic point for f with period 2.

3.3. Multipliers and maximal escape rates. Here, let us obtain lower bounds
on moduli on multipliers in terms of maximal escape rates. These bounds depend
on combinatorial information regarding sublevel sets of Green functions. A similar
discussion can be found in [DMOS8, Section 4], where the corresponding results are
stated in terms of trees. Thus, we give details for the reader’s convenience.

First, we shall briefly recall a few necessary elements from conformal geometry.
We say that a Riemann surface A is an annulus if its fundamental group w1 (A4) is
isomorphic to Z. For every 29 € C and all 7, R € R+, with r < R,

A (ry,R)={2€C:r<|z— 2| <R}

is an annulus. In fact, every annulus A is biholomorphic to the punctured disk D*,
the punctured plane C* or the round annulus Ay (1, R) for a unique R € (1, 4+00).
We call modulus of an annulus A the number

1 oA -
mod(4) = {277 log(R) if A= Ao(1, R), with R € (1, +00)

400 if A= D* or C*
We shall only use the following two facts about moduli of annuli:
e If A is a Riemann surface, B is an annulus and f: A — B is a holomorphic
covering map of degree e > 1, then A is an annulus and
mod(B) = e-mod(A).

e Given an annulus B, we say that a nonempty connected open subset A of
B is a subannulus of B if the inclusion 2: A < B induces an isomorphism
12 M (A) = m(B). If Bis an annulus and A, ..., A, are pairwise disjoint
subannuli of B, with r > 0, then

imod (A;) <mod(B).

This statement is known as Grotzsch’s inequality.
We refer the reader to [Hub06, Section 3.2] for further details about annuli.
Recall that a compact subset K of C is full if the set C\ K is connected. Note
that, if V' is a simply connected open subset of C and K is a nonempty, connected
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and full compact subset of V', then V' \ K is an annulus. Also note that, if W C V
are simply connected open subsets of C and K C L are nonempty, connected and
full compact subsets of W, then W \ L is a subannulus of V' \ K.

We shall crucially use the inequality below, which relates moduli of multipliers
at repelling fixed points to moduli of certain annuli.

Lemma 31. Suppose that U,V are nonempty simply connected open subsets of C
such that U is a full compact subset of V and f: U — V is a biholomorphism.
Then f has a unique fixed point zg € U and we have

%log”" (20)] > mod (V\U) .

Proof. Set A=V \U. Note that U,V are biholomorphic to the unit disk . Now,
denote by g: V' — U the inverse of f. By the Schwarz lemma, as U € V, the map
g is a contraction with respect to the Poincaré metric on V. In particular, g has a
unique fixed point zg € U, which is necessarily attracting for g. Then zq is also the
unique fixed point for f and zq is repelling for f. Now, suppose that a > |f’ (z0)].
Then there exists R € Ry such that |f(z) — 20| < a|z — 20| for all z € D (2o, R).
Since g is contracting with respect to the Poincaré metric on V, there exists N > 0
such that ¢g°N (V) C D (29, R). Take r € (0, R) such that D (z9,7) C g°~V(U). Note
that g°V(A),...,g°"(A) are pairwise disjoint subannuli of g°~(V) \ ¢°" (U) with
modulus mod(A) for all n > N. Moreover, for every n > N, we have

r o(n— on
D (20, =) € 9" (D (z0,7)) € g (V)

since o > 1, and hence g°¥(V) \ ¢°" (U) is a subannulus of A, (=, R). Thus,
by Grotzsch’s inequality, we have

an—N’ 2 r o

for all n > N, which yields mod(A4) < % log(a) by dividing by n — N and letting
n — +o0o. Letting a — |’ (20)|, we obtain the desired inequality. Thus, the lemma
is proved. ([l

(n— N +1)mod(A) < mod (AZO ( - R)) = ilog <R> + 1= N log(a)

Now, we shall prove the result below (compare [DMO08, Lemma 4.6]). It is a key
point in our proof of Theorem B in the complex case.

Lemma 32. Suppose that f € Poly,(C) has a disconnected filled Julia set Ky,
n € [My,+00), Uy, ...,Up—1 are (not necessarily distinct) connected components of
{gf < %}, with k > 0 and p > 1, Vo,...,Vp—1 are the connected components of
{gf < dk%} containing Uy, . .., Up_1, respectively, and f induces a biholomorphism
from Uj to Vi1 (mod p) for all j € {0,...,p—1}. Then f°P has a unique fizved point
zo € C such that f°I (z9) € U; for all j € {0,...,p—1}. Furthermore, we have

p—1
log [(£7)’ (20)] = (d — 1) ij 7,
§=0

where d; denotes the degree of f°*: V; — {gy < d-n} for all j € {0,...,p—1}.

Proof. Denote by g; the inverse of f: U; = Vji1 (mod p) for j € {0,...,p—1}, and
define
W=goo--ogp,1(Vo) .
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Then W, Vj are simply connected open subsets of C such that W is a full compact
subset of Vg and f°P: W — Vj is a biholomorphism. Therefore, by Lemma 31, the
map f°P has a unique fixed point zy € W and we have

log |(f°p)' (20)| > 27 mod (Vo \ W) .

Observe that zq is the unique fixed point for f°P that satisfies f°7 (2¢) € U; for all
j €{0,...,p—1}. Thus, it remains to prove the desired inequality. Note that the
goo---ogj_1(V;\Uj), with j € {0,...,p — 1}, are pairwise disjoint subannuli of
Vo \ W. Therefore, by Grétzsch’s inequality, we have
p—1
log |(f°°) (20)] > QWZmod (V;i\Tj;) .

Jj=0

Suppose that j € {0,...,p— 1}, and let us show that mod (Vj \@) > % (dd_:) 7.

Define n;o) << nj(Nj), with N; > 1, by 77§0) = & and 77§Nj) = bt and

™ = {gr(n) 1y € Vi gs () > 2 (FF) (1) =0}

For ¢ € {1,...,N;}, denote by Dj@ the connected component of { gr < U;Z)} that

contains U; and define
0 _ p® (e=1)
Aj *Dj \{ngnj }
ok : : © k,,(£=1) k,,(6)
Then f°% induces a covering map from A;” to {d"n; < gy <dn;’p of degree

at most d; for each ¢ € {1,...,N;}. Moreover, Ag.l), . ,A§Nj) are pairwise disjoint
subannuli of V; \ U;. Therefore, we have

N
mod (V;\ U;) > dljZmod ({dkm@—l) < g < dk%@})
/=1

Finally, denote by ¢;: {g; > My} — C\ D (0,exp (My)) a Béttcher coordinate of
f at infinity, which satisfies g5 = log|¢s|. Then ¢ induces a biholomorphism from

{dkn](-e_l) <gr< nﬁé)} onto the round annulus Ag (exp (dknj([_l)) , €XP (dkn§£)>)

for each ¢ € {1,..., N;}. Therefore, we have

mod ({dknj(-hl) <gr < dk??§e)}) _ ik (77](-2) _77](.271)>

2w
for all ¢ € {1,...,N;}, and hence

s e oy L (d=1
mod(Vj\Uj)Zm(% — 7 )_27T( d; )77

This completes the proof of the lemma. (]

Remark 33. In order to prove Theorem B in the Archimedean case, we shall only
apply Lemma 32 with n = My, k € {0,1} and p € {1,2}. Nonetheless, our general
statement of Lemma 32 also allows us to prove a slightly weaker version of [EL92,
Theorem 1.6], which provides a lower bound on the characteristic exponent at any
periodic point in terms of the minimum of the Green function on the set of critical
points (see Proposition 83).
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3.4. Proof of Theorem B in the Archimedean case. Finally, let us combine
Lemmas 25 and 32 in order to prove Theorem B for polynomial maps defined over
an algebraically closed Archimedean valued field.

Proof of Theorem B in the Archimedean case. Suppose that K is an algebraically
closed field equipped with an Archimedean absolute value |.|o, and f € Poly, (K).
Define K to be the completion of K. Then, by Ostrowski’s theorem, there exist an
embedding o: K < C and s € (0,1] such that |z|o = |o(2)|® for all z € K, where
|.| denotes the usual absolute value on C (see [Neu99, Chapter II, (4.2)]). Since K
is algebraically closed, the critical points and the periodic points for o(f) in C all
lie in o(K'). Therefore, My = s- M,y and M}p) =s- Mg()}) for each p > 1. Thus,
replacing f by o(f) if necessary, we may assume that f € Poly,(C).
First, assume that Ky is connected. Then My = 0. Let us prove that M}l) > 0.
Denote by A1, ..., A\g the multipliers of f at its fixed points repeated according to
d

their multiplicities. Then either A; = 1 for some j € {1,...,d} or 3 = =0 by
=1 "

the holomorphic fixed-point formula. Note that, if A € D(0,1), then ® (ﬁ) > 1.

Therefore, there exists j € {1,...,d} such that |\;| > 1, and thus M}l) > 0.
Thus, assume now that Ky is disconnected. Denote by Vi,...,Vy, with N > 2,
the connected components of {gy < My}. For j € {1,..., N}, denote by d; > 1 the
N

degree of f: V; — {gy < d-My}. Then > d; = d. Let us consider three cases.
j=1

Suppose that d; = 1 for some j € {1,...,N}. Note that this holds if d € {2,3}.
Then f induces a biholomorphism from V; to {g; < d- M,}. Thus, by Lemma 32,
the map f has a unique fixed point zo € V; and we have log |f’ (z9)| > (d — 1)Mj.
In particular, M}1) > (d—1)Mjy.

Now, suppose that the condition (1) of Lemma 25 is satisfied and d; > 2 for all
j€{l,...,N}. Then there exist j € {1,..., N} and a connected component U; of

{gf < %} contained in V; such that f induces a biholomorphism from U; to V.

Therefore, by Lemma 32, the map f has a unique fixed point 2y € U; and we have
log | f' (20)] > %2 M;. Moreover, d; =d — Y dj, < d — 2. Thus, M;l) > =Ly
! k#j

Finally, suppose that the condition (2) of Lemma 25 is satisfied. Then there are
connected components Uy, Us of {gf < %} contained in Vi, Vs, respectively, such
that f induces biholomorphisms from U; to V, and from Us to V4. By Lemma 32,
it follows that the map f°2 has a unique fixed point zy € C such that zo € U; and
f (20) € Uy and we have

10g’(f°2)/(20)’ >(d-1) <d11+dlg> My > (d—1) (dller—ldl> My .

Therefore, M}Q) > Cyq - My, where

Cq= min a—1 (1 + 1) _ 2(d(;1) if d is even
ety 20 \j T d—j) " % if dis odd

This completes the proof of the theorem. [
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Remark 34. Using Remark 27, one can easily adapt the proof above to show that
M ;2) > My for all f € Poly,(C) with disconnected filled Julia set K.

Finally, note that Theorem A is proved since it is an immediate consequence of
Theorem B in the Archimedean case.

3.5. Consequences of Theorem A. To conclude this section, let us apply here
Theorem A to establish results about the morphism Mult((f). We shall also deduce
Corollaries A.1 and A.2. For brevity, we omit the analogous results concerning the
multipliers at the fixed points alone when d € {2, 3}, as these can be obtained in a
completely similar way.

To conclude this section, let us use here Theorem 1.2 to obtain results about
the morphism Mult((iz). We shall also deduce Corollaries A.1 and A.2. For brevity,
we omit the analogous results concerning the multipliers at the fixed points alone
when d € {2,3}, as these can be obtained in a completely similar way.

First, we have the following direct consequence of Theorem A:

Corollary 35. The holomorphic map Multfiz): P4(C) — C? x C* 5 s proper.
Proof. Note that, for every f € Poly,;(C) and every p > 1, we have

exp(p MP) = max N <1+ max o) (1)
)\GA;p) je{lv'“?Nzgp)} ’

by Cauchy’s bound on roots of a complex polynomial. As a result, by Theorem A,

if (fn),>o 18 any sequence of elements of Poly,(C) that degenerates in Pq(C), then

; (2) - od dd-1) :
Erf Mult,;” ([fn]) = 00 in C* x C™ = . Thus, the corollary is proved. O

To derive further consequences of Theorem A, we shall apply the general result
below from algebraic geometry.

Lemma 36. Suppose that X,Y are two affine varieties over Q and V: X — Y is
a morphism such that the induced holomorphic map V: X(C) — Y (C) is proper.
Then V¥ is a finite morphism.

Proof. Denote here by X¢ and Y the base changes of X and Y to C, respectively.
As the holomorphic map ¥: X(C) — Y (C) is proper, the morphism ¥: X¢ — Y¢
is proper (see [SGAT1, Exposé XII, Proposition 3.2]). Therefore, since X¢ and Y¢
are affine, U: X¢ — Y is a finite morphism (see [Liu02, Chapter 3, Lemma 3.17]).
As a result, the morphism ¥: X — Y is finite (see [Gro65, (2.7.1)]). O

Combining Corollary 35 and Lemma 36, we immediately obtain the following:

d(d—1)

Corollary 37. The morphism Multg): Pg— Al x A is finite.

We shall now prove Corollaries A.1 and A.2. To do this, we first present general
results about polynomial maps with rational coefficients that allow one to deduce
facts over arbitrary valued fields from analogous facts in the complex setting.

Given a valued field K, we denote here by |.|x its absolute value and, for n > 1,
we denote by ||.||x» the norm on K™ defined by

It xn = je?llaxn} [til for t=(ti,...,t,) € K".

,,,,,
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Given a valued field K and an integer n > 1, we also define

() = n if K is Archimedean
K= 1 if K is non-Archimedean ’

so that

n

vee K™ >t < ()klt] ke
=l |

by the triangle inequality.

Lemma 38. Suppose that F: A™ — A", with m,n > 1, is a morphism such that
the induced holomorphic map F: C™ — C™ has no zero in C™. Then, for every
valued field K of characteristic 0, there exist some agg) € R<o depending only on

the restriction of |.|x to Q and some 6 € R>g not depending on K such that

vt e K™, ||F(t) o > ol max {1, |[t]xn} " .

Moreover, we can take ozgg) =1 for every non-Archimedean field K with character-

istic 0 and residue characteristic outside a finite set SO of prime numbers.
Proof. Write F = (Fy,...,F,), with Fy,...,F, € Q[T1,...,T,,]. Since F1,..., F,
have no common zero in C™ by hypothesis, it follows from the Nullstellensatz that
there exist G1,...,Gy, € Q[T1,...,Ty] such that

S Fi(Th,....Tw) Gy (Th,..., Tr) = 1.

j=1

Define 6 = glax deg (G;). For j € {1,...,n}, write

Gi(Ty,...,Tn) = Z aj,eHT,f"‘ eQ[Ty,...,Tn] -

£e{0,....61™ k=1
Consider the finite set
SO = rime: max |a, 13,
pp jemax |aj.el, #
2e{0,...,6}™

where |.|, denotes the p-adic absolute value on Q for each prime number p. Now,
suppose that K is a valued field of characteristic 0. Then we have

1< ()i | F@)] g ( max |Gj<t>|K) < AQ | F (1) o max {1, [[] g }°

Je{1,....,n}

for all t € K™ by the triangle inequality, where

Ag) =) ((0+1)™)g je?llaxn} lajelx | € Rso-
£€{0,...5)™

—1
Therefore, setting a(Ig) = (A(Ig)) , we have

Vi e K™, |F(t)|| o > o’ max {1, ||t[|gm} " .
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Finally, note that ozgg) depends only on the restriction of |.|x to Q. Furthermore,
we have ag) = 1 if K is non-Archimedean with residue characteristic not in S©.

This completes the proof of the lemma. (]

Also, we have the following result about the growth of proper polynomial maps
at infinity:

Lemma 39. Suppose that F: A™ — A", with m,n > 1, is a morphism such that
the induced holomorphic map F: C™ — C™ is proper. Then, for every valued field
K of characteristic 0, there exist some a&?o),Rﬁ(oo) € Ry depending only on the
restriction of |.|k to Q and some B € Rsg not depending on K such that

vt € K™, |[tl|xm > R = |F(8)] g = a5 -

Moreover, we can take aggo) =1 and RE?O) =1 for every non-Archimedean field K
with characteristic 0 and residue characteristic outside a finite set S(>) of prime
numbers.

Proof. Write F = (Fy,...,F,), with Fy,...,F, € Q[T1,...,T]. As the holomor-
phic map F: C™ — C™ is proper by hypothesis, F': A™ — A" is a finite morphism
by Lemma 36, and hence Tj is integral over Q [Fi, ..., F,] for each j € {1,...,m}.
Thus, for each j € {1,...,m}, there exist Pjo,...,P;p,—1 € Q[Xy,..., X,], with
D; > 1, such that

D,—1
T],Df - Piw (Fu(Ty, ... . To) s Fo (Th, . T0)) T
k=0
Define
1
v = max deg (Pjr) € Z>1 and = —€Ryp.
J€{1,...m} - 0l
ke{0,...,D;—1}
For je{l,...,m} and k € {0,...,D; — 1}, write
Pip(X1, .. Xp) = Y biwe [[ X €QlXy,... X0
2c{0,..., v} r=1
Consider the finite set
5() = { p prime : je{I{I,?%m} ‘bj,k,£|p #1)
ke{0,...,D; -1}
£e{0,...,7}"

where |.|, denotes the p-adic absolute value on Q for each prime number p. Now,
suppose that K is a valued field of characteristic 0. Set

AR = ( max (Dj)K> (v+D")g | TR [bjkeli | € Rso-

k€{0,....D;—1}
£2e{0,....v}"
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D;—1
For every t € K™, as tfj = kzo Pjj (F(t))t5 for all j € {1,...,m}, we have

. D [e's) D7‘—1
Vi€ {1, ..,m}, [t < A max {1, || F(8)| g} max {1, [t;] }
by the triangle inequality. Therefore, we have

vt e K™, [[t]xn 2 1= [tllxm < AR max {1, |F(#)] .} -
—B
As a result, setting aggo) = (Ag?o)) and Rg?o) = max {1, Ag?o)}, we have

vt € K™, |[t]xm > R = [|F#)] en = % [t] e -

Finally, note that both aggo) and Rg?o) depend only on the restriction of |.|x to Q.

Moreover, we have aggo) =1 and Rg?o) = 1 if K is non-Archimedean with residue
characteristic not in S(°). This completes the proof of the lemma. O

Remark 40. Given a polynomial map F: C™ — C™, with m,n > 1, the supremum
of all 8 € R for which there exist o, R € Rs¢ such that ||[F(t)|cn > a||t||€m for all
t € C™ such that ||t||c= > R is known as the Lojasiewicz exponent of F' at infinity.
We refer the reader to [CK97, Corollary 2] for an analytic proof that every proper
complex polynomial map has positive Lojasiewicz exponent at infinity.

Combining Lemmas 38 and 39, we easily obtain the general result below.

Lemma 41. Suppose that F: A™ — A™, with m,n > 1, is a morphism such that
the induced holomorphic map F: C™ — C" is proper and has no zero in C™. Then,
for every valued field K of characteristic 0, there exist some ag € Rsq depending
only on the restriction of |.|x to Q and some B € Rsq not depending on K such
that

Wt € K™, [|F(8)] n > cre max {1, [[£]em }” .

Moreover, we can take ax = 1 for every non-Archimedean field K with character-
istic 0 and residue characteristic outside a finite set S of prime numbers.

Proof. Suppose that K is any valued field of characteristic 0. Define

—B=45
aK_min{a(Ig)max{l,R?)} ,aggo)}ERx) and S:S(O)US(OO),

with agg) € Ry, 0 € R, S as in Lemma 38 and oé?o),R?o),B € Rug, S as
in Lemma 39. Then ax depends only on the restriction of |.|x to Q, and we have
ak = 1 if K is non-Archimedean with residue characteristic outside S. Moreover,

for every t € K™ such that ||t||xm < max {1,R§<°°)}, we have
(0) ()1 7° 6
IF Ol = af max {1, R} > ar max {1, ]|t} .
Also, for every t € K™ such that [|t]| xm > max {1, Rﬁ(oo) }, we clearly have

IF @)l > e max {1, ||t e}

Thus, the lemma is proved. ([
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We shall now apply the lemma above to obtain results about the multipliers of
polynomials over arbitrary algebraically closed valued fields of characteristic 0. To
do this, we work with polynomial maps in a particular form, which was introduced
by Ingram in [Ing12]. Although the two claims below concerning this normal form
are already known, we include proofs for the reader’s convenience.

Given any field K of characteristic 0 and ¢ = (c1,...,cq_1) € K971, define
d— 1
1 1)J .
Jfe(z &Zd T T] 277 € Poly (K),
Jj=1
where 71(¢), ..., 74—1(c) denote the elementary symmetric functions of c1, ..., cq4—1,
so that
d—1
Fo(0) =0 and fi(=) = [[(=—c5) -
j=1

Consider the morphism F': A~! — P, defined by F(c) = fe.
Claim 42. The holomorphic map F: C4~! — P4(C) is proper.

Proof. Assume that (c,,),,- is a sequence of elements of C4~! such that ([fe,]), >0
converges in Py4(C). We shall show that (c,), -, is bounded in C?~1. There exists
a sequence (¢y,), -, of elements of Aff(C) such that the sequence (f,),,~, given by
fn = dn « fe, converges to some g € Poly,(C). The multiset of all the fixed points
for f,, tends to the multiset of all the fixed points for g in C¢/&4 as n — +o0o. In
particular, (¢,,(0)),,~, is bounded in C. In addition, the multiset of all the critical

points for f,, tends to the multiset of all the critical points for g in C?~!/&4_; as

n — +o0o. As a result, writing ¢,, = (c%l), - ,cS{i‘”) for each n > 0, the sequence

(¢n ( e )) . is bounded in C for each j € {1,...,d — 1}. Furthermore, writing

dn(2) = anz + By, for all n > 0, the polynomlal fn has leading coefficien
all n > 0, which yields hm lan| = |d- ag| ™7 T ¢ R0, where aq € C* denotes the
n—-+400

(@)
leading coeflicient of g. Therefore, as c(] ) = M for all j € {1,. -1}

and all n > 0, the sequence (cn)n>0 is bounded in (Cd L. This completes the proof
of the claim. O

Moreover, using the triangle inequality, we easily obtain an upper bound on the
Green functions of the polynomials f., with K an algebraically closed valued field
of characteristic 0 and ¢ € K% 1.

Claim 43. For each algebraically closed valued field K of characteristic 0, we have
97.(2) < log" (max {[|e]| ga-1, |2|k}) + Ak

for all ¢ € K97 ! and all z € K, and in particular My, < log™||c||ga-1 + Ak for all
c € K1, where

1 1 1 d—1
log(d 1 R>g.
d—1 og( )K+d—1 Og<Je{o d 1} |d J|K (( J >)K> .

A =
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Proof. For every ¢ € K%' and every z € K, we have

—1i7r:i(e) ,_.

et < @ ( V() 0y
d—j K

by the triangle inequality, where 79(c) = 1 by convention and

1 d—1
5K:(d)K< max (< . >) > €R>1p.
j€{0,nd—1} |d — jlk J K -

It follows by induction that

d

<6 B
§€{0,...,d—1} > < O max {||c[| ga-1,|2|K}

da"—1
4T dn
[fe" (2) ) < 0" max {1, |lel|ga-1,[2|x}

for all ¢ € K%' all z € K and all n > 0. Therefore, for every ¢ € K% ! and every

z € K, we have
Lrog 1172 < -2 L log (8x) + log™ (max {leflscar, |25 })
dn g c K = dn(df]_) g 0K g Kd-1, K

for all n > 0, which yields the desired result by letting n — +oo. Thus, the claim
is proved. (I

Finally, we obtain the following result regarding polynomial maps over arbitrary
algebraically closed valued fields of characteristic 0:

Proposition 44. Assume that K is an algebraically closed valued field of charac-
teristic 0. Then there exist some A € Ry not depending on K and some Bg € R
depending only on the restriction of |.|k to Q such that

max {M{", M} > 4 M + By

for all f € Poly,(K). Furthermore, we can take Bx = 0 if K is non-Archimedean
with residue characteristic outside some finite set S of prime numbers.

d(d—1)

Proof. Consider the morphism G: A1 — A x A

Ge) = ue? (1) = (o4 (17)

defined by

1<j<d’

)
d(d

Then the holomorphic map G: C¥1 — C% x C 7 has no zero in C4~! because

d
d+ > (-1)(d - j)agj)- = 0 by the holomorphic fixed-point formula. In addition,
j=1

the map G: C%~1 — C% x ™5 s proper by Corollary 35 and Claim 42. Thus,
by Lemma 41, there exist some A’ € Ry not depending on K and some By € R
depending only on the restriction of |.|x to @ such that

Ve € K971 log |G(c)|| oA > AT log*|le|| ga-1 + B -
KixK™ 2

Moreover, we can take B} = 0 if K is non-Archimedean with residue characteristic
outside some finite set S’ of prime numbers. By Claim 43, it follows that

bﬂKﬂ@HKWKutmzzA“Ah,+Bg—n4-AK

for all ¢ € K4 1. Now, for every ¢ € K41, we have

(p) J ()
N N .
<< d )) (maz))d) = (( d )) exp (]p-M}f))
J K \NEAg J K

IN

o) (D)
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forallp>1andall j€ {1, ..., N ép )} by the triangle inequality, and hence

N(gp) »)
1 G -y < 1 ip- M .
0og || (C)”deK% pg}{%g} og ( j ) + jp fo
J K

Therefore, setting

(p)
/ Bl — A" Ak —log ( (N
A= L and Bk = min £ - (( 4 ))K )
d(d—1) pe{1,2} Jp
je{1,..‘,N§P)}

we have
Ve e K91, max {M}?,M}?} > A My, + Bg.

Now, note that A € Ry does not depend on K and Bk € R depends only on the
restriction of |.|x to Q. Furthermore, setting

SS'U{qprime:QﬁqgmaX{d,d(%l)}},

we have Bg = 0 if K is non-Archimedean with residue characteristic not in S.

To conclude, assume that f € Poly;(K) has leading coefficient aq € K*. Choose
any (d — 1)th root o € K* of d - ag and any fixed point w € K for f, and consider
¢(z) = a(z —w) € Aff(K). Then ¢. f € Poly,(K) has leading coefficient % and it
satisfies ¢+ f(0) = 0, and hence ¢ . f = f, where ¢1,...,cq—1 € K are the critical
points for ¢. f and ¢ = (c1,...,¢4-1). Since My = My, and M}p) = M;f) for each

integer p > 1, we have max {M}l), M}Q)} > A- My + By by the discussion above.
Thus, the proposition is proved. (Il

Remark 45. Tt follows immediately from Theorem B that we can take S to be the
set of all primes less than or equal to d in the statement of Proposition 44.

Note that Corollary A.1 is simply a weaker version of Proposition 44. We shall
now show that Corollary A.2 also follows directly from Proposition 44. To do this,
let us first briefly recall various notions of height. We refer to [Lan83, Chapter 3],
[Sil07, Chapter 3] and [Sil12, Chapter 5] for further details.

We denote here by P the set of all prime numbers. For p € P, denote by @p the
algebraic closure of the field Q,, of p-adic numbers and by |.|, the natural absolute
value on Q,. Also set Q,, = C and denote by |.|o the usual absolute value on Q.
The standard height h: Q — R>q is given by

1
[K: Q]

h(t) = > Y logtlo(t)],, with teK and [K:Q]< 4oo.

pePU{oo} U:K‘—)@p

Suppose that f € Poly, (@) The canonical height ﬁf: Q — R relative to f is
defined by

Ri(:)= lim —h(f(:)).

n—+oo "
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For every number field K such that f € Poly,;(K) and every z € K, we have

2. D %

peIP’U{oo} o K—Q,

hf(Z

Now, denote by I'y C Q the set of critical points for f and, for v € T'f, define py to
be its multiplicity as a critical point for f. The critical height Hy of f is given by

Hy= %" py-hs(v)
vely

Proof of Corollary A.2. By Proposition 44, there exist A" € Rso and B), € R, for
p € PU {oo}, such that

Vp € PU {sc}, Vg € Poly, (@), max {M{D, MP} > 4" M, + B},
Moreover, we can take B, = 0 for all but finitely many p € P U {co}. Define
A/
!/
A=-—€Rs and B= ) B €eR.

pEPU{oco}

Now, suppose that f € Poly, (@) Fix a number field K containing the coefficients
of f, its critical points and its multipliers at all its cycles with period 1 or 2. Then

1) (2 +
maX{Hf H; } Z Zﬁ qulné}( log™ |o(A )|p>

pEpU{OO} o K—Q, AEA(

> X0 max{ag, v}

pEIP’U{oo} o: K‘—>Q

Yoo > (A My +By)

pEPU{oc0} 4 K‘—>Q

S Y. pygen(c) | +B

pePU{oo} o:K—Q, \VE€Ls
=A- Hf + B.

Thus, the corollary is proved. O

4. THE NON-ARCHIMEDEAN CASE

We shall adapt here the discussion of Section 3 in order to prove Theorem B in
the non-Archimedean case.

Throughout this section, we fix an integer d > 2 and an algebraically closed field
K of characteristic 0 equipped with a non-Archimedean absolute value |.|. We also
assume that the residue characteristic of K either equals 0 or is greater than d, so
that |j| = 1 for all j € {1,...,d}. In addition, we assume that |.| is not the trivial
absolute value, as Theorem B would be immediate otherwise. Note that we do not
assume K to be complete here, although there is no gain in generality in not doing
so since Theorem B clearly holds for K if it holds for its completion K.
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4.1. A few preliminaries on non-Archimedean analysis. First, let us recall
some basic facts about disks and polynomial maps in the non-Archimedean setting.
We omit proofs and refer to [Benl9, Chapters 2 and 3] for further information.

In this section, we shall only work with finite unions of disks. Given w € K and
r € Ry, we denote by D(w,r) and D(w,r) the open and closed disks of center w
and radius r, respectively, which are given by

Dw,r)={z€eK:|z—w|<r} and Dw,r)={zeK:|z—w|<r}.
Note that a disk has a unique radius. In contrast, each point of a disk is a center.
Although all disks are both open and closed topologically, we say here that a disk
is open if it is of the form D(w,r), with w € K and r € Ry, and we say that it is
closed if it is of the form D(w,r), with w € K and r € R~(. Now, note that a disk
is both open and closed if and only if its radius does not lie in |K*|.

Suppose that U is a finite union of disks in K. Then U can be written uniquely
as the union of finitely many pairwise disjoint disks Uy, ..., Uy in K, with NV > 0.
In addition, every disk contained in U is contained in U; for some j € {1,...,N}.
These disks Uy, ...,Uyn are called the disk components of U. The disk components
of every finite union of open disks are all open. Similarly, the disk components of
every finite union of closed disks are all closed.

Now, every nonconstant polynomial in K[z] maps open disks to open disks and
closed disks to closed disks. Given disks U,V in K, we say that a polynomial map
f:U — V has degree e > 1 if every element of V' has exactly e preimages under f
in U, counting multiplicities.

Given a polynomial f € K[z] of degree D > 1 with leading coefficient ap € K*
and w € K, it is not hard to show that, for all » € R sufficiently large, we have

f(D(w,r) = D (f(w),lap|rP) and f(Dw,r) = D(f(w),lap|rP)

and the maps f: D(w,r) = D (f(w), lap|r?) and f: D(w,r) — D (f(w), lap|rP)
have degree D. More generally, the result below describes precisely the images of
disks under nonconstant polynomial maps in the non-Archimedean setting.

Lemma 46. Suppose that f € K[z] has degree D > 1, w € K and r € Rsg. Set

(4) )
$= m M r € Ryg,
je{t,..p}| j!
and define epmin and emax to be the smallest and largest integers j € {1,...,D} such

©) ,
that s = ‘#‘ 7, respectively. Then we have

J(D(w,r) = D(f(w),s) and [ (Dlw,r)) = D([(w),s).

Moreover, the maps f: D(w,r) — D (f(w),s) and f: D(w,r) = D (f(w),s) have
degrees emin and emax, respectively.

We can also describe the preimages of disks under polynomial maps in the non-
Archimedean setting.

Lemma 47. Suppose that U,V are disks in K, f: U — V is a polynomial map of
degree e > 1 and W is a disk contained in V. Then f~Y(W) is a nonempty finite
union of disks, and its disk components Uy, ..., Uy, with N > 1, are all open if W
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is open and all closed if W is closed. Moreover, the map f: U; — W has a degree
N

e; > 1 for each j € {1,...,N}, and we have e = ) e;.
j=1

Remark 48. Note that, if f € K|[z] is a polynomial of degree e > 1 and W is a disk
in K, then the conclusion of Lemma 47 still holds. Indeed, in this case, there exist
disks U,V in K such that U = f~1(V) and W C V, and f: U — V has degree e.

Finally, we have a non-Archimedean analogue of the Riemann-Hurwitz formula
for disks, which relates the degree of a map to the number of its critical points.

Lemma 49. Suppose that U,V are disks in K and f: U — V is a polynomial map
of degree e > 1. Also assume that e is less than the residue characteristic of K if
the latter is positive. Then e = C' + 1, where C > 0 is the number of critical points
for f in U, counting multiplicities.

Remark 50. The assumption on the degree of the map in Lemma 49 is necessary,
as the following shows: Suppose that p > 2 is a prime number. Then the algebraic
closure @p of the field Q, of p-adic numbers is naturally a non-Archimedean field
with residue characteristic p. The polynomial f(z) = 2P —pz € @p [2] maps D(0,1)
onto itself with degree p, while the critical points for f all lie outside D(0,1). The
polynomial g(z) = zPT! — 27 € Q,[2] maps D(0, 1) onto itself with degree p, while
the critical points for g all lie in D(0,1). In particular, the conclusion of Lemma 49
does not hold for the maps f: D(0,1) — D(0,1) and ¢g: D(0,1) — D(0,1).

4.2. The Green function of a polynomial map in the non-Archimedean
setting. Now, let us adapt our discussion of Green functions and maximal escape
rates for complex polynomial maps to the non-Archimedean setting.

Suppose that f € Poly,(K). Recall that the Green function gy: K — Rxq of f
is given by

: 1 on
gr(z) = lim —Zlog® |[f7"(2)]

This map gy is well defined and satisfies g¢ o f = d - gf. Moreover, for each z € K,
we have gy(z) = 0 if and only if sup |f°"(2)| < +oo. Also recall that the mazimal
n>0

escape rate My of f is defined by -
My =max{gs(c) : c € K, f'(¢c) =0} .

For every ¢ € Aff(K), we have gy = g o ¢~ ', and hence My, ; = Mjy.
Thus, using conjugation, we may first restrict our attention to polynomials in a

particular form. For ¢ = (¢q,. .. cd,l) € K91 define
_ 1 »d JTJ Ld—
felz) = 227 + Z J e Polyy(K),
where 71(¢), ..., T4—1(c) denote the elementary symmetric functions of ¢y, ..., cq4-1,
so that

fe(0)=0 and fi(z Hz—cJ
j=1
These polynomials have already been studied by Ingram in [Ingl2]. Nevertheless,
for completeness and to specify the values of certain constants in the present case,
we include details.
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For ¢ = (c1,...,cq-1) € K%', define
c|= max il € R>g.
” ” je{1,...,d—1} |CJ| 20

Using the ultrametric triangle inequality and our assumption on the residue char-
acteristic of K, we obtain the following:

Claim 51. We have gy, (z) < log™ (max {||c||,|2|}) for all ¢ € K%' and all z € K.
Moreover, we have g (z) = log™|z| for all c € K4~ and all z € K \ D (0, ||c]]).

Proof. Note that the first assertion is simply a particular case of Claim 43. Thus,
let us prove the second one. Suppose that ¢ € K4=1. For every z € K \ D (0, ||c|]),
we have

(~1P75(0) ey
-

d

)

, , 1
< max HcH]|z|d_-7 < |z|d = ‘z
je{l,...,d—1} d

max

je{l,...,d—1}
which yields |f.(z)| = |2|? by the ultrametric triangle inequality. By induction, we
deduce that |f3"(z)| = |2|?" for all z € K\ D (0,max {1,]|c|[}) and all n > 0. As a
result, for every z € K \ D (0, max {1, [|c[|}), we have - log™ |f"(2)| = log™|z| for
all n > 0, which yields gy, () = log*|z| by letting n — +o0. Finally, we also have

gr.(2) = log*|z| for each z € D(0,1)\ D (0, c||) by the first assertion of the claim.
Thus, the claim is proved. (]

Now, let us determine the maximal escape rates of these polynomials. To do so,
we shall use Macaulay resultants to have an effective version of the Nullstellensatz
for r homogeneous polynomials in r variables over a commutative ring, with » > 1.
Thus, let us start by recalling a few necessary facts about resultants.

Suppose that R is a commutative ring and P, ..., P, € R[Ty,...,T;] are homo-
geneous polynomials of degrees eq, ..., e, > 1, respectively, with » > 1. Then there
exists an element res (P, ..., P.) € R, called the Macaulay resultant of Py, ..., Py,
that satisfies the following:

e There are an integer £ > max e and some homogeneous polynomials
1,...r

Qjx € R[Th,...,T,] of degrees E — ey, with j, k € {1,...,r}, such that
res(Py,...,P)TF =Y P (Ty,....T,) Qi (Th, ..., T;)
k=1

for each j € {1,...,7}.

e For any algebraically closed field 2 and any ring homomorphism ¢: R — €,
we have ¢ (res (P, ..., P.)) = 0 if and only if the homogeneous polynomials
e(P),...,o(P.) € Q[T1,...,T,] have a common zero in Q" \ {0}, where
¢: R[Ty,...,T,] — Q[T1,...,T,] denotes the unique ring homomorphism
that extends ¢: R — Q and satisfies ¢ (T}) =T for all j € {1,...,7}.

We refer to [Lan02, Chapter IX, Section 3] for further details about resultants.
We now return to the study of the polynomials f. € Poly,(K), with ¢ € K41,
Consider the subring A =Z[3,...,%] of K. For each a € A, we have |a| < 1, with
equality holding if and only if a is not divisible by the residue characteristic of K.
For j € {1,...,d — 1}, also consider the polynomial F; € A[T1,...,T;_1] given by
Fi(c) = fe(c;) for all e = (cq,...,cq-1) € K471 For every j € {1,...,d — 1}, the
polynomial F}; is homogeneous of degree d. Furthermore, we have the following:
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Claim 52. We have |res (Fy,..., Fy_1)| = 1.

Proof. Suppose that p > d is a prime number. Let us show that res (Fy,..., Fy_1)
is not divisible by p in A. Note that A/pA is the field F,, with p elements. Thus,
denoting by F, the algebraic closure of F,,, we have a natural ring homomorphism
¢: A— F,. Then res (Fy,...,Fy_1) € pA if and only if ¢ (res (Fy, ..., Fy_1)) =0,

which occurs if and only if ¢ (F}),...,¢ (F4—1) have a common zero in F;f_l \ {0}.
Suppose that ¢ = (¢1,...,¢q-1) € ﬁi_l is a common zero of ¢ (Fy),..., ¢ (Fg_1).

We shall prove that ¢ = 0. Define

d—1 ir(c o
f(z) = ézd + Z wzd—y €T,

=
where 71(¢), ..., 74—1(¢c) denote the elementary symmetric functions of ¢y, ..., ¢c4—1.
We have §'(z) = ]:[ (z—c¢j) and f(c;) = ¢ (F;)(¢) =0 for each j € {1,...,d —1}.

j=1
Now, define I' = {c1,...,cq—1} and, for v € I', denote by p, the number of indices
j€{l,...,d—1} such that ¢; = y. We have f'(z) = [] (z —~)?” and f(y) = 0 for
yel
each v € I'. As a result, as Fp has characteristic p > d, each v € I has multiplicity
py + 1 as a preimage of 0 under f and every other preimage of 0 has multiplicity 1.
It follows that
d:r+Z(p7+1)=T+d—1+s,
yel’

where 7 > 0 is the number of preimages of 0 under f that are not in I" and s > 1 is
the cardinality of I, which yields » = 0 and s = 1. Therefore, as f(0) = 0, we have
I’ = {0}, and hence ¢ = 0. Thus, we have proved that res (F},...,Fq_1) € A\ pA
for each prime number p > d. In particular, res (Fi,..., Fy_1) € A is not divisible
by the residue characteristic of K. This completes the proof of the claim. O

This allows us to determine the maximal escape rate My, of f., with c € K d=1
Claim 53. We have My, = log™||c|| for all ¢ € K41,

Proof. Suppose that ¢ = (c1,...,cq—1) € K971, We have gy, (¢;) < log™||c|| for all
j €{l,...,d— 1} by the first assertion of Claim 51, and hence M;, < log™|c||. Tt
remains to show that M, > log™||c||. If ||| < 1, this is immediate. Thus, assume
now that ||¢|| > 1. There exist some integer D > d and homogeneous polynomials
Gjr € AlTh, ..., Ti—1] of degree D — d, with j,k € {1,...,d — 1}, such that

d—1

res (Fl, e 7Fd,1> C? = Z fc (Ck) Gj,k(c)

k=1

for each j € {1,...,d — 1}. Therefore, by Claim 52, we have

D _
7 < 1fe (o) Gl < (x| (el P

for all j € {1,...,d — 1}, and hence i {mm; ) |fe (k)| > ||c||¢. Thus, there exists
€{l,....d—1

ke {1,...,d — 1} such that |fe (cx)| > ||c[|¢. By the second assertion of Claim 51,
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as ||c|| > 1, it follows that

d- g5, (¢j) = g1 (fe (¢;)) =log™ |fe (¢)| = d - log™|le]|.

Thus, we have My, > log™||c||, and the claim is proved. O

From the discussion above, we now derive results about the Green functions of
arbitrary polynomials in Poly;(K).

Lemma 54. Suppose that f € Poly,(K) has leading coefficient aq € K*. Then,
for each n € Ry, the set {gy < n} is a nonempty finite union of open disks and
the set {g; < n} is a nonempty finite union of closed disks. Moreover, {g; < n} is
—1
an open disk of radius |aq| ™ exp(n) for all n € (My,+00). In addition, {gf < n}
—1
is a closed disk of radius |aq| ™" exp(n) for alln € [My,+00).

Proof. Choose a (d— 1)th root a € K* of d- a4 and a fixed point w € K for f, and
define ¢(2) = a(z —w) € Aff(K). Then ¢. f € Poly,(K) has leading coefficient %
and satisfies ¢ . f(0) = 0, and therefore ¢ . f = f., where ¢1,...,cq—1 € K are the
critical points for ¢. f and ¢ = (¢y,...,cq4—1). Now, by Claims 51 and 53, we have
{g7. <n} = D(0,exp(n)) for all n € (My,,+0oc). Moreover, we have g, = gro¢p~!

and My, = My by conjugation. Therefore, as |a| = |ad|ﬁ, we have

v € (M, +00), {g5 <n} =67 (g7, <n}) = D (w,|aal =" exp(n)) -

Similarly, we have {gy, <n} = D (0,exp(n)) for each n € [M;,,+00) by Claims 51
and 53, and hence

vy € (M5, +00), {9y < mb = 67" ({g7. < m}) = D (w,|aa = exp() ).

Finally, suppose that n € Rsq. There exists an integer k > 0 such that d*n > M.
Then {gf < dkn} is an open disk in K by the previous discussion. By Lemma 47,
it follows that

{or <my = (1) " ({gr < d*n})

is a nonempty finite union of open disks. Similarly, { gy < dkn} is a closed disk in
K by the previous discussion, and hence

{or <y = ()" (Lo < d*n})

is a nonempty finite union of closed disks by Lemma 47. This completes the proof
of the lemma. 0

Finally, we also have the following non-Archimedean analogue of Lemma 19:

Lemma 55. Suppose that f € Poly,(K) satisfies My > 0, and denote by aq € K*
its leading coefficient and by C > 1 the number of critical points ¢ € K for f such
that gs(c) = My, counting multiplicities. Then {g; < Mf} has exactly C' + 1 disk

components, and these are all open disks of radius |aq|?=T T exp (My).

Proof. By Lemma 54, the set {gf < My} is a nonempty finite union of open disks.
Denote here by Uy, ...,Uy, with N > 1, its disk components. For j € {1,..., N},
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denote by C; > 0 the number of critical points for f in Uj, counting multiplicities.

N
Note that C; =d—1—C. Now, as {gf < d- My} is a disk by Lemma 54 and
j=1

{95 <My} =f""({gr <d-My}),
the map f: U; — {9y < d- M} has a degree d; > 1 for all j € {1,..., N}, and we
N
have d = ) dj, by Lemma 47. In addition, d; = C; +1 for each j € {1,..., N} by

j=1
Lemma 49. Therefore, we have

N
d=>(Cj+1)=d-1-C+N,
j=1
and hence N = C + 1, as desired.

—1
Finally, note that {g; < M/} is a disk of radius |aq|* ' exp (M) by Lemma 54.
Moreover, for every j € {1,...,C 4 1}, we have

FU) ={gy <d-My} and  f({gr < My}) ={gy <d-M;},
and these are two disks of the same radius by Lemma 54. By Lemma 46, it follows

that U; also has radius |ad|dff11 exp (My) for all j € {1,...,C + 1}. This completes
the proof of the lemma. O

4.3. A combinatorial argument. Now, let us obtain an analogue of Lemma 25,
which plays a key role in our proof of Theorem B in the Archimedean case.

To do this, we shall first prove the two-islands lemma below, which is the non-
Archimedean counterpart of Lemma 23.

Lemma 56. Suppose that U,V are disks, f: U — V is a polynomial map of degree
e > 1 and V1, Vs, are disjoint disks contained in V. Also assume that e is less than
the residue characteristic of K if the latter is positive. Then there exist j € {1,2}
and a disk component U; of =1 (V;) such that f induces a bijection from U; to V;.

Proof. For j € {1,2}, denote here by C; > 0 the number of critical points for f in
71 (V;), counting multiplicities. Then, by Lemma 49, we have

e=C+1>0C1+Co+1>2min{Cy,Co} +1,

where C' > 0 is the number of critical points for f in U, counting multiplicities. By
Lemma 47, the set f~! (V;) is a nonempty finite union of disks for each j € {1,2}.

For j € {1,2}, denote by U;1)7 e U;Nj) its disk components, with N; > 1. Then,

by Lemma 47, for each j € {1,2}, the map f: U]@ — Vj; has a degree ey) > 1 for
Nj

all £ € {1,...,N,}, and we have e = ) eg-e). In addition, for all j € {1,2} and all
=1

¢e{l,...,N;}, we have egé) = CJ(.K) + 1 by Lemma 49, where CJ@ > 0 denotes the

)

number of critical points for f in U ](e , counting multiplicities. Thus, we have

Ny
vie{l2he=Y (G +1) = C5+ ;.
/=1
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Therefore, as e > 2min {C1, Co} + 1, there exists j € {1,2} such that C; < N;. As
a result, CJ(-Z) =0 for some ¢ € {1,..., N;}, and we have egf) = 1. Thus, f induces
)

a bijection from Uj@ to Vj;, and the lemma is proved. O

Remark 57. The assumptions that f: U — V is surjective and that its degree e is
finite and satisfies a certain condition related to the residue characteristic of K are
essential in our proof of Lemma 56. In [Ben03], Benedetto proved a more involved
two-islands theorem for holomorphic functions on a disk in an algebraically closed
field that is complete with respect to a non-Archimedean and nontrivial absolute
value. In [Ben08], Benedetto also proved a non-Archimedean four-islands theorem
for meromorphic functions. We refer the reader to these articles for more details.

Finally, we have the result below, which is completely analogous to Lemma 25.

Lemma 58. Suppose that f € Poly,(K) satisfies My > 0. Then one of the follow-
ing two conditions is satisfied:
(1) there exists a disk component U of {gf < %} such that f induces a bijec-

tion from U onto the disk component V' of {gf < My} containing U;
(2) for all distinct disk components V,V' of {gy < My}, there exists a disk

component U of {gf < %} contained in 'V such that f induces a bijection
from U onto V.

In addition, if d € {2,3}, then there exists a disk component V' of {gy < My} such
that f induces a bijection from V onto {gf < d- Mjy}.

Proof. Assume here that the condition (1) does not hold, and let us show that the
condition (2) is satisfied. By Lemma 54, {gf < %} and {gy < My} are nonempty
finite unions of disks. Now, assume that V, V' are two distinct disk components of
{gf < M¢}. 1t follows from Lemma 47 that f~*(V) and f~! (V') are both unions
of disk components of {gf < %} Now, as {gy < d- My} is a disk by Lemma 54,
the induced map f: V — {gy < d- My} has a degree e € {1,...,d} by Lemma 47.
Moreover, no disk component of {g‘f < %} contained in V' is mapped bijectively
onto V by f by hypothesis. Therefore, by Lemma 56, f maps a disk component of
{gf < %} contained in V bijectively onto V’. Thus, the desired result is proved.

Finally, assume that d € {2,3}. By Lemma 54, {gf < M/} is a nonempty finite

union of disks and {gy < d- My} is a disk. In fact, by Lemma 55, {gf < My} has
several disk components Vi, ..., Vy, with N > 2. By Lemma 47, the induced map

N
f:V; ={gr <d-My} hasadegreed; > 1foreach j € {1,...,N},andd = ) d;.
j=1

Therefore, as d < 3, there exists j € {1,..., N} such that d; = 1, and f induces a
bijection from V; onto {g; < d- M;}. This completes the proof of the lemma. O

4.4. Multipliers and maximal escape rates. Here, let us relate multipliers at
periodic points to maximal escape rates under certain combinatorial assumptions.
More precisely, let us obtain a non-Archimedean analogue of Lemma 32.

In the non-Archimedean setting, ratios of radii of disks play the role of moduli
of complex annuli. Thus, we have the well-known result below, which follows from
Lemma 46 and is the non-Archimedean counterpart of Lemma 31.
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Lemma 59. Suppose that U C V' are disks and f: U — V is a bijective polynomial

map. Then [ has a unique fized point zg € U and |f' (20)| = 2, where 7,5 € Ry
are the radii of U,V , respectively.

Proof. Note that s > r since U C V' by hypothesis and U and V are both open or
both closed by Lemma 46. Now, choose w € f~(U). By Lemma 46, as w € U and

f: U — V is bijective, we have |f'(w)| = £ and s > &,(w) rJ for each j > 2, with
r 7!

strict inequality if U is closed. Now, define ¢g(z) = f(z) — z € K[z]. Then we have

lg' (w )| = \f (w) — 1| = 2 since [f'(w)| = % > 1. Moreover, for each j > 2, we have

s> ‘ ‘rﬂ, with strict inequality if U is closed, since ¢ (w) = f9)(w). As a
result, g(U) is a disk of radius s and the induced map g: U — g(U) is bijective by
Lemma 46. Moreover, we have |g(w)| = |f(w) —w| < r as w € f~1(U), and hence
0 € g(U). Therefore, the map f: U — V has a unique fixed point zy € U. Finally,
as f: U — V is bijective, we have |f’ (z29)| = 2 by Lemma 46. This completes the
proof of the lemma. O

We also have the well-known result below, which follows easily from Lemma 46
and is a non-Archimedean analogue of Grotzsch’s inequality.

Lemma 60. Suppose that f € K[z] is not constant and U C'V are disks. Then

e E
(F)=3=(5)
r s T
where r, R, s, S are the radii of U, V, f(U), f(V), respectively, and e and E are the

degrees of f: U — f(U) and f: V — f(V), respectively.

Proof. Choose w € U. Then U,V are disks of center w and radii r, R, respectively.
Therefore, by Lemma 46, we have

(e) (B) (E) (e)
= |2 e [FOW g 5 |10 g | 10000 e
el E! E! e!
This completes the proof of the lemma. (Il

Finally, we obtain the result below, which is the non-Archimedean counterpart
of Lemma 32. Note that, in the present context, we also have an upper bound on
the absolute values of multipliers.

Lemma 61. Suppose that f € Poly,(K) satisfies My >0, n > My, Uy, ..., Up_1
are disk components of {gf < d%}, withk >0 andp>1, Vp,...,V,_1 are the disk
components of {gf < dk%} containing Uy, ..., Up_1, respectively, and f induces a
bijection from Uj to Vii1 (mod py for all j € {0,...,p —1}. Then f°P has a unique
fized point zg € K such that f°I (29) € U; for all j € {0,...,p— 1}. Furthermore,
we have

p—1

1 — 1
(d—1) Z; n <log|(f°")" (20)] < de ;
=0

j=0 "7

where d; and e; denote the degrees of the induced maps f°%: U; — {g; <n} and
fok: Vi — {95 <d-n}, respectively, and Uj is the disk component of {gf < dlk}
containing U; for all j € {0,...,p—1}.
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Proof. For j € {0,...,p— 1}, define f;: Uj — V11 (mod p) to be the bijective map
induced by f. For j € {0,...,p}, define

Wi = (fi-10-0f0) " (Vi tmoap)) = (fi—20-0fo) " (Uj-1)

where Wy = Vi and Wy = Uy by convention. It follows from Lemma 47 that W is
a disk for all j € {0,...,p}. In addition, for each j € {0,...,p — 1}, we have

FRWUy) S lgr <m} S gy <d-m} =R (V)
by Lemmas 47 and 54, which yields U; C Vj, and hence W;11 C W;. As a result,

by Lemma 59, the map f,—10---0 fy: W — Wy has a unique fixed point zp € W),
and we have

op / p]
(7 : jno o
where po, ..., pp denote the radii of Wy,..., Wp, respectively. Now, note that zj is
the unique fixed point for f°F that satisfies f°7 (z9) € U; for all j € {0,...,p—1}.
Thus, it remains to prove the desired inequalities. For j € {0,...,p — 1}, define r;
and R; to be the radii of U; and Vj, respectively. Then, for all j € {0,...,p — 1},

we have pfﬁ = & by Lemma 60 since fj_q o---o fo maps bijectively W; onto V;
and W;; onto U Thus, it suffices to prove that ( ) n < log ( ) < (%1) n

for all j € {0,...,p—1}. Suppose that j € {0,...,p—1}. As d-n > My, we have
Y (U;) = {g; < d-n} and ¢+ (T;) = {gy < d-n} by Lemmas 47 and 54,
and these are disks of the same radius by Lemma 54. As a result, the disk U ; ; also
has radius r; by Lemma 46. Therefore, as f°* maps U; onto {g; < n} with degree
d; and Vj onto {g5 < d-n} with degree e;, we have

(R>d < exp((d— 1)) < (R)

by Lemmas 54 and 60. This completes the proof of the lemma. ([

Remark 62. To prove Theorem B in the non-Archimedean case, we shall only use
Lemma 61 with n = My, k € {0,1} and p € {1,2} to only derive lower bounds on
the absolute values of multipliers at certain small cycles. Nonetheless, our general
statement of Lemma 61 also allows us to show that the bounds in Theorem B are
optimal (see Propositions 65 and 66) and to obtain a lower bound on the absolute
values of multipliers at all cycles in terms of the periods and the minimum of the
Green function on the set of critical points (see Proposition 83).

4.5. Proof of Theorem B in the non-Archimedean case. Now, let us derive
Theorem B in the non-Archimedean case from Lemmas 58 and 61. This is similar
to our proof of Theorem B in the Archimedean case.

Proof of Theorem B in the non-Archimedean case. Assume here that K is an alge-
braically closed field of characteristic 0 that is equipped with a non-Archimedean
absolute value |.| with residue characteristic 0 or greater than d and f € Poly ;(K).
Note that the desired result is immediate if the absolute value |.| is trivial. Thus,
from now on, assume that |.| is not trivial.

First, suppose that My = 0. Denote by Aq,..., A the multipliers of f at all its
fixed points repeated according to their multiplicities. Define o1, ...,04 to be the



MODULI SPACES OF POLYNOMIAL MAPS AND MULTIPLIERS AT SMALL CYCLES 41

d .
elementary symmetric functions of A1,...,Aq. We have d+ 3 (=1)’(d — j)o; =0
j=1

by the holomorphic fixed-point formula. Therefore, since |d| = 1, we have |o;| > 1
for some j € {1,...,d} by the ultrametric triangle inequality. As a result, we have
|Ak| > 1 for some k € {1,...,d} by the ultrametric triangle inequality. This shows
that Mj(cl) > 0, as desired.

Thus, from now on, assume that My > 0. By Lemma 54, {g; < My} is a finite
union of disks and {gy < d- My} is a disk. Moreover, {gf < My} has several disk
components Vi, ..., Vy, with N > 2, by Lemma 55. Now, by Lemma 47, the map
f:V; = {gf <d- My} has some degree d; > 1 for all j € {1,..., N}, and we have

N

d = )" d;j. To conclude, let us consider three cases.
i=1

Sljlppose that d; = 1 for some j € {1,..., N}. Note that this holds if d € {2, 3}.
Then f induces a bijection from V; onto {g; < d- My}. Therefore, by Lemma 61,
f has a unique fixed point zy € V; and we have log | f’ (20)| > (d — 1)M. Thus, we
have M}l) > (d—1)Mjy.

Now, suppose that the condition (1) of Lemma 58 is satisfied and d; > 2 for all
j €{1,...,N}. Then there exist some j € {1,..., N} and a disk component U; of

{gf < %} contained in Vj; such that f maps bijectively U; to V. As a result, by
Lemma 61, f has a unique fixed point zy € U; and we have log |’ (20)| > dd;lef.

Moreover, d; = d — k; dr < d— 2. Thus, we have Mj(cl) > %Mf.
J
Finally, suppose that the condition (2) of Lemma 58 is satisfied. Then there are

disk components Uy, Us of { gr < %} contained in Vi, Vs, respectively, such that

f maps bijectively U; to Vo and Us to V. As a result, by Lemma 61, the map f°2
has a unique fixed point zp € K such that zg € Uy and f (29) € Uz and we have

1 1 1 1
1’02’ ’>d—1——M>d—1— M; .
o8 |(1%)' (o) = (= 1) (- + 5 ) My = (=) (- + 5= ) My
Moreover, % (d—ll + ﬁ) > (4. Thus, we have MJEQ) > Cyq - My. This completes
the proof of the theorem. O

Remark 63. As in the complex setting, one can strengthen Lemmas 56 and 58 and
deduce that M}z) > 2Mjy for all f € Poly,(K) such that My > 0.

4.6. Sharpness of the bounds. To end this section, let us show that the bounds

in Theorem B are sharp in some sense. We shall first study the non-Archimedean

case and then deduce that our bounds are also optimal in the complex setting. To

avoid making our discussion too long, we omit the simpler cases where d € {2, 3}.
We shall use the following result from non-Archimedean dynamics:

Lemma 64. Suppose that U C V are disks and f: U — V is a polynomial map

of degree e > 2 whose critical points all lie in () (fo)"" (V). Also assume that e
n>0

is less than the residue characteristic of K if the latter is positive. Then we have
’(f"p)/ (zo)’ <1 for each periodic point zy € K for f with period p > 1.

Proof. First, note that f has exactly e — 1 critical points in U, counting multiplici-
ties, by Lemma 49. Now, assume that (f°")~" (V) is a disk for some n > 0. Then,
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by Lemma 47, (f°(”+1)) - (V') is the union of finitely many pairwise disjoint disks
Wi, ..., Wy, with N > 1, the induced map f: W; — (f°)~' (V) has some degree
N

e; > 1 for each j € {1,...,N}, and we have e = )" e;. For j € {1,..., N}, denote
j=1
by C; > 0 the number of critical points for f in W;, counting multiplicities. Then

N

>~ C; = e — 1 by assumption. In addition, e; = C; + 1 for each j € {1,..., N} by
j=1

N

Lemma 49. As a result, we have e = )~ (C; +1) = e— 1+ N, which yields N =1
j=1

and e; = e. Thus, ((f"")f1 (V)) - is a decreasing sequence of disks and the map

f: (fo(”+1))71 (V) = (f°)~" (V) has degree e for each n > 0. For n > 0, denote

by rn € Rsg the radius of (f°") "' (V). We have TT—: = (%) for each n > 1 by

Lemma 60. Now, suppose that zy € K is a periodic point for f with period p > 1.

Aszg e () (Fo) ' (V), we have }(f"p)' (20)| < 2= for each n > 0 by Lemma 46.
n>0

Tn+p

1
Thus, we have ’(f"p)' (20)] < (:—2) “ for each n > 0, which yields ‘(f‘)p)/ (20)] <1
by letting n — 4o0. This completes the proof of the lemma. O

Exhibiting explicit examples, we obtain the two results below, which show that
the bounds in Theorem B are optimal in the non-Archimedean case.

Proposition 65. Assume here that d > 4. Then, for every R € |K*|, there exists
f € Poly(K) such that

My =log"(R), M’ =0 and M =Cq- My,
where Cy € Rsq is defined in Theorem B.

Proof. Observe that, if R € (0, 1], then f(z) = 2¢ satisfies the required conditions.
Now, assume that R € |[K*| N (1, +00). Choose v € K* such that |y| = R. Set

d d if d is even d—1/(1 1
doydy) = (23) ' , so that C=<+).
(do, ) {(dldl) ifdisodd 0 TTT T2 \dy T

Define

dlfl
F(2) = felz) = Y bz (z =) (doz — (do + 1+ j)w)
j=0

. —1)7 (do—1)!(d1—1)! .
with b; = &dolll(g)y(ltgl(*i*;g! for all j € {0,...,dy — 1}, where

d (-4 (d-1)!
=3 (d0—1)!(d1_1)!72 ’

and c= 0,...,0 , v,..o,y ,w
—— ——
do—1 entries di;—1 entries
Thus, we have
FO)=0, f(m =~ and [(2) =221z ="z -w).

Note that |w| = R. As a result, we have M; = log(R) > 0 by Claim 53. Moreover,
we have g;(0) = 0 and g¢(y) = 0, which yields gs(w) = My. Therefore, {g; < My}
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is the union of two disjoint open disks Vj, V7 of radius R by Lemma 55. Without
loss of generality, we can assume that 0 € Vy and v € V;. Thus, by Lemmas 47, 49
and 54, the maps fo: Vo = {9y <d- My} and fi: Vi — {gy < d- My} induced by
f have degrees dy and di, respectively, since 0 and +y are critical points for f with
multiplicities dp — 1 and dy — 1, respectively. Now, by Lemmas 47 and 49, f tn)

is the union of dy pairwise distinct disk components Uél), ey édo) of {gf < %}

and f maps bijectively Uék) to Vi for all k € {1,...,do}. Similarly, f;* (Vp) is the
union of d; pairwise distinct disk components Ul(l), cee Ul(dl) of {gf < %} and f

maps bijectively Ul(e) to Vp for all £ € {1,...,d1}.

Now, suppose that k € {1,...,do} and £ € {1,...,d;}. Then there is a unique
periodic point zg € K for f with period 2 such that zy € U(gk) and f (z9) € Ul(g) by
Lemma 61. Now, define Uy = f; ' ({gf < Ms}) and Uy = f; ' ({gy < My}). Then
Up and U; are disks and the maps f: Uy — {gy < Ms} and f: Uy — {g5 < My}
have degrees dy and d;, respectively, by Lemmas 47, 49 and 54. Thus, Uy and U,
are also the disk components of { gr < %} containing zg and f (zg), respectively.
Therefore, by Lemma 61, we have

1 ’ d—1/1 1
21 ‘ o2 ‘: . — . .
5 log (f°%) (20) 5 <d0 + d1>Mf Cq- My

Let us conclude the proof of the proposition. If zy € K is any fixed point for f,
then the point zj is also fixed for f;: V; — {g5 < d- My} for some j € {0,1}, and
hence log |f' (20)] < 0 by Lemma 64. In addition, we always have Mj(cl) > 0 by the
holomorphic fixed-point formula, as shown in the proof of Theorem B. This shows
that M](cl) = 0. Now, suppose that zy € K is a periodic point for f with period 2.
If zp and f (20) both lie in V; for some j € {0,1}, then the point z, is also periodic

1

for f;, and therefore 3

log ‘ (fOZ)/ (zo)‘ < 0 by Lemma 64. Otherwise, replacing zo

by f (z0) if necessary, we have zy € Uék) and f (29) € Ufe) for some k € {1,...,do}
and some ¢ € {1,...,d;}, and hence 3 log ‘ (f°2)/ (zo)‘ = Cq- My by the discussion
above. Moreover, we also proved that the latter case occurs for some choices of zg.
Thus, we have M ](02) = Cy4 - My. This completes the proof of the proposition. [

Proposition 66. Assume here that d > 4. Then, for every R € |K*|, there exists
f € Poly (K) such that

d—1

d—1
M; =1log*(R), M}l):me and Mf(”:me.

Proof. Observe that, if R € (0, 1], then f(z) = z¢ satisfies the required conditions.
Now, assume that R € |[K*| N (1, +00). Choose v € K* such that |y| = R. Define

1 2
f(z>:fC(Z):722(Z_’7)d_2, with ¢= 07 YooY 5 5 eKd_l'
d —_——  d

d—3 entries

Thus, we have
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Note that M; = log(R) > 0 by Claim 53. Moreover, ¢g;(0) = 0 and g¢(y) =0, and
hence gy (%7) = M. Therefore, {gy < My} is the union of two disjoint open disks
Vo, V1 of radius R by Lemma 55. Without loss of generality, we may assume that
0 € Vp and v € V3. Since 0 and ~ are critical points for f with multiplicities 1 and
d — 3, respectively, the maps fo: Vo — {9y <d- My} and f1: Vi — {gy <d- My}
induced by f have degrees 2 and d — 2, respectively, by Lemmas 47, 49 and 54. By
similar arguments, the sets Ug = fy ' ({gy < M;}) and Uy = fi ' ({gy < My}) are
all the disk components of {gf < %} and the induced maps f: Uy — {gr < My}
and f: Uy — {g; < M} have degrees 2 and d — 2, respectively. The set f;* (V7)
is the union of d — 2 distinct disk components Ul(l), N Ul(d_Z) of {gf < %} and

f maps bijectively Ul(k) onto V; for each k € {1,...,d — 2} by Lemmas 47 and 49.
Similarly, the set f; ! (V1) is the union of two distinct disk components Wél), WéQ)
of {gf < %} and f maps bijectively Wék) onto V; for each k € {1,2}. Moreover,

the set Wy = f;* (Vp) is a disk component of {gf < %} and f maps Wj onto V}
with degree d — 2.

Suppose that k € {1,...,d — 2}. Then, by the discussion above and Lemma 61,
there is a unique fixed point zg € Ul(k) for f and we have log |f’ (z0)| = 9=5 M.

Now, suppose that k,£ € {1,...,d — 2} are distinct. Then, by Lemma 61, there
exists a unique periodic point zg € K for f with period 2 such that zy € Ul(k) and
f(z0) € Ul(e) and we have %1og)(f°2)/ (zo)’ = =My

Finally, suppose that zg € K is any periodic point for f with period 2 such that
zo € Vo and f (20) € V1. Note that zp € Wo(k) and f(z9) € W for some k € {1,2}.
Now, denote by Dy and D; the disk components of {gf < %} containing zp and
f (20), respectively. Then f induces bijections from Dy onto Wi and from D; onto

Wo(k) by Lemmas 47 and 49. Therefore, 2 is the unique periodic point for f with
period 2 such that zg € Dy and f (z9) € D1 by Lemma 61. First, observe that the

maps f°2: Wo(k) —{gy <d-My}and f°2: Wy — {gy < d- My} have degrees d —2
and 2(d — 2), respectively. Next, denote here by Dy and D; the disk components
of { gr < %} containing zg and f (2p), respectively. Then, by Lemmas 47 and 49,
f maps bijectively Dy onto Uy, we have D; = ffl (UO) and the map f: D; — Uy
has degree d — 2. It follows that f°%: Dy — {gy < M} and f°%: Dy — {g; < My}
have degrees d — 2 and 2(d — 2), respectively. Therefore, by Lemma 61, we have

1 ) d—1( 1 1 3(d—1)

2 ‘ 02 ‘ - M=,

5 log | (/%) (20) 2 (d2+2(d2)) = 4a—2y"™

Let us conclude the proof of the proposition. Suppose that zp € K is any fixed

point for f. If zyp € Vj, then the point z is also fixed for fo: Vo — {g5 < d- My},
which yields log | f’ (20)| < 0 by Lemma 64. Otherwise, we have zg € Ul(k) for some
k € {1,...,d—2}, and hence log |f’ (z9)| = %=L M by the previous discussion. In
addition, we also proved that the latter case occurs for certain choices of zy. This

shows that Mj(cl) = %Mf. Now, suppose that zy € K is any periodic point for f
with period 2. If zg and f (2¢) both lie in Vj, then the point zq is also periodic for

fo, and hence %log ‘ (f°2)l (zo)‘ < 0 by Lemma 64. If z5 and f (29) both lie in V7,
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then 2o € Ul(k) and f(z9) € Ul(e) for some distinct k,¢ € {1,...,d — 2}, and hence
%log ’ ( f°2)/ (zO)’ = %M t by the previous discussion. Otherwise, replacing zg by
f (20) if necessary, we have zg € Vp and f (29) € V4, and thus the discussion above
yields %log ‘ ( f°2)/ (zo)‘ = %M ¢. Furthermore, we also proved that the second

case occurs for some choices of zg. Thus, we have M }2) = %M ¢. This completes
the proof of the proposition. (]

Applying Propositions 65 and 66 with the non-Archimedean field K = C {{%}}
of convergent complex Puiseux series in %, with ¢ an indeterminate, we shall show
that the bounds in Theorem B are also optimal in the complex setting.

Assume here that ¢ is an indeterminate and K = C {{ % }} is the field of Puiseux
series in % with coefficients in C that converge on some punctured neighborhood of
t = co. Then K is algebraically closed according to the Newton—Puiseux theorem
(see [Now00]). We equip K with its usual absolute value |.|, which is given by

1 t
la| = lim exp 70g|a( oo ,
t—00 log|t| oo
where |.|o denotes the usual absolute value on C. Thus, K is a non-Archimedean
valued field and its residue field is naturally isomorphic to C. Now, note that any
meromorphic function on a neighborhood of ¢ = co in C can be identified with an
element of K via its Laurent series expansion at ¢ = co. In particular, denoting by
D the closed unit disk around the origin in C, every holomorphic family (f;), cC\D
of elements of Poly,(C) with a pole at ¢t = oo induces some element f € Poly,(K).

Specifically, if a holomorphic family (f¢),.c\p of elements of Poly,(C) with a pole

d ‘ —
at t = oo is given by fi(z) = > a;(t)z?, with ay, ..., aq holomorphic on C\ D and
§=0
~ d )
meromorphic on C\ D, then the induced element f € Poly,(K) is f(2) = > a;27.
§=0
To deduce results in the complex setting from analogous statements in the non-

Archimedean case, we shall use the result below. It is a particular case of a result
due to DeMarco.

Lemma 67 ([DeM16, Proposition 3.1]). Suppose here that K = C {{%}} is the
field of convergent complex Puiseux series in %, (ft)tec\ﬁ is a holomorphic family
of elements of Poly,(C) that has a pole at t = co and f € Poly (K) is the element
induced by (ft)te(C\ﬁ' Then My, = My - log|t| + 0 (log|t|sc) as t — oco.

We shall also use the following fact:
Lemma 68. Suppose here that K = C {{%}} is the field of convergent complex
Puiseuz series in %, (ft)tec\ﬁ is a holomorphic family of elements of Poly,(C) that
has a pole at t = 0o and f € Poly,(K) is the element induced by (ft)teC\ﬁ' Then,
for every integer p > 1, we have Mj(cf) = M}p) loglt|eo + O(1) as t — oco.
Proof. Suppose that p > 1 is an integer. Write

AP =\, A € KV/6y, with N =N,

There exists R € R such that the complex Puiseux series Ay, ..., Ax all converge
on C\ Dg, where Dy denotes the closed disk of center 0 and radius R in C. Then,
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as the elementary symmetric functions of the multipliers of polynomials of degree
d at all their cycles with period p define regular functions U((ip J) o g on Poly,, with

jed{l,...,N}, we have
vt e C\Dg, AP = [\(t),.... An(t)] € CV /6.

Finally, note that log |a(t)|, = log|al - log|t|s + O( ) as t — oo for each a € K. In
particular, for each j € {1,..., N}, we have log |\;(t)|_ = log|A;| - log|t|ec + O(1)
as t — oo. This completes the proof of the lemma. O

Finally, combining Propositions 65 and 66 with Lemmas 67 and 68, we directly
deduce the two results below, which show that the bounds in Theorem B are also
sharp in the complex case.

Corollary 69. Assume that d > 4. Then there exists a rational family (fi),cc. of
elements of Poly;(C) such that f; degenerates in Py(C) as t — oo and

M}tl):O(l) and Mj(cf)NCcnyt as t—o00.

Proof. Consider the rational family (f;),cc. of elements of Poly,(C) defined by

dy—1
z) = Z izt (2 —t)h 170 (doz — (do + 1+ 5) wy)

. —1)7 (do—1)!(d1 —1)! .
with b; = (s A= for all j € {0, dy — 1}, where

4 d if d is even d (—=1)%(d —1)!
do,dy) = (5%) ! d 0, 9—d
(do, d1) {(0121’,1“) fdisodd 4 we=gtt (do — 1)! (dy — 1)!

2
Now, assume that K = C {{%}}, and denote by f € Poly,(K) the element induced
by (ft),ec-- Then as |t| = exp(1), the proof of Proposition 65 shows that M; =1,

M, M = 0 and M = Cq - My. Thus, the desired result follows immediately from
Lemmas 67 and 68 0

Corollary 70. Assume that d > 4. Then there exists a polynomial family (fi),cc
of elements of Poly;(C) such that f; degenerates in Pqa(C) ast — oo and

1y d—1 d—
M;t)wdfot and M}t) - 2Mft as t—o00.
Proof. Consider the polynomial family (f;), ¢ of elements of Poly,(C) defined by

1
fi(z) = 322(,2 —1)?2.
Now, assume that K = C {{%}}, and denote by f € Poly,(K) the element induced

by (ft);cc- Then, as [t| = exp(1), the proof of Proposition 66 shows that My = 1,
M }1) = %M rand M }2) = %M ¢. Thus, the desired result follows immediately
from Lemmas 67 and 68. U

5. UNIQUE DETERMINATION OF A GENERIC CONJUGACY CLASS OF POLYNOMIAL
MAPS BY ITS MULTIPLIERS AT ITS SMALL CYCLES

In this section, we shall prove Theorem C. As before, we fix an integer d > 2.
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5.1. Some preliminaries. First, let us present the ingredients that we use in our
proof of Theorem C.

Since Pq(C) = P7°(C), we can restrict our attention to monic centered complex
polynomials. Recall here that

d—2
POlyglC((C) = Zd+ijZj : bo,...,bd_2 eC
j=0

Now, define a = exp (5’_”1), so that

ta—1(C) = (@) = {a* : k€ {0,...,d - 2}} .
Also recall that the group z1q—1(C) acts on Poly;*(C) via w. f = wf (£) and that
Pq(C) is biholomorphic to the quotient PP°(C) of Poly;“(C) by pa—1(C).
Our objective is to prove the result below, which directly implies Theorem C.

Lemma 71. There exists a nonempty open subset U of Poly;“(C) such that, for
every f € U,

{ge}bm$%C):A§>:A$>andA§>:zg@}::&ﬁ.f:ke{q.“,d_z}}.

Define = to be the set of all elements [o, ..., Ag—1] € C?/&,4 that satisfy \; # 1
for all j € {0,...,d — 1} and

VJQ{Q”ﬂd—1L§:

jedJ

1
11—

=0« J=oor{0,...,d—1}.

To prove Lemma 71, we shall use the result below, which is due to Fujimura.

Lemma 72 ([Fuj07, Theorem 6]). Suppose that A € E. Then there exist at most
(d —1)! elements f € Poly;“(C) such that AS}) =A.

Now, define
fo(z) = 2 € Poly°(C).
We shall also use the explicit expressions for the differentials of multiplier maps at
fo, which are due to Gorbovickis.

Lemma 73 ([Gorl6, Lemma 3.1]). Suppose that zo € C* is a periodic point for f
with period p > 1, U is an open neighborhood of fy in Poly'“(C), (o: U = C is a
holomorphic map such that (o (fo) = zo0 and f°P (Co(f)) = Co(f) for all f € U and
po: U — C is the holomorphic map defined by po(f) = (f°7)" (Co(f)). Then
r 9o .\ e k)
€{0,...,d=2}, — (fo)=d"""(k—d) Y z .
Bak -
7=0

5.2. Multipliers at fixed points. Here, let us parametrize some open neighbor-
hood Uj of fy in Poly}'“(C) by the multipliers at the fixed points and describe, for
a generic f € Uy, all the elements g € Poly;“(C) such that Agl) = Agcl).

The fixed points for fy are precisely 0 and the points o/, with j € {0,...,d—2}.
In addition, we have f}(0) = 0 and f} (a’) = d for all j € {0,...,d — 2}. It follows
from the implicit function theorem that there exist an open neighborhood U; of fy
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in Poly’(C) and holomorphic maps ¢\"): Uy — C, with j € {0,...,d — 2} U{0},
such that

(1) _ ol if je{0,...,d—2} (1) e
Cj (f())—{o =0 and VfEUlaf(Cj (f))_c‘] (f)
for all j € {0,...,d—2}U{0}. Shrinking U; if necessary, we may assume that the
points Cj(l)(f), with j € {0,...,d — 2} U {0}, are pairwise distinct for each f € Uj.
For every f € Uy, we have

o) = (== T (- V) -

Jj=0

For j € {0,...,d — 2} U{0}, define the holomorphic map p§1): Up — C\ {1} by

A =1 (<) -
For every f € Uy, we have

d—2

AD = O oD ad — Ly L
P =l AR D50) 1= () ;olp;”m

Now, define the holomorphic map
p1 = <pgl), Ce 7p51122) UL — Cd_l .
Denote by - the natural action of &4_; on C~!, which is given by
(2 ()\0, eey )\d,Q) = ()\0—1(0)7 ey )\U—l(d_g)) .
By the formulas above,
(5.1)  VfgeUy, (30 €6, plg) =0 pi(f) = AL = AP,
Now, define
ap(_l)
Ay = (aj (fo)) € Mg—1)x(a-1)(C)
3 )
0<j,k<d—2

to be the Jacobian matrix of p; at fo. By Lemma 73, we have

Ay = ((k = d)a?®)

0<jk<d—2

As a consequence, we have the key result below. For k € {0,...,d — 2}, define the
polynomial

Claim 74. The matrix A; is invertible and A]' = (Bjk)o<j r<d_o> Where

d—2
Vk € {0,...,d—2}, Po(T) = (j — d)B;sT’ .
j=0
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Proof. Suppose that
B = (Bj,k)ogjvkgd_g € M(dfl)x(dfl)((c)'
For k € {0,...,d — 2}, define the polynomial

d—2

Qr(T) => (j — d)B;xT? € C[T].

j=0
Also denote by 0 the Kronecker delta. Then

d—2
A1B=1,_9<+=Vjked{0,...,d—2}, Z(f — d)Bg7k()éj(Z71) = 0jk
£=0
<~ Vj, ke {O,...,d* 2}, Qr (Ozj) = Oéj(Sjk
—Vke{0,...,d -2}, Qr = Px.
This completes the proof of the claim. O

By Claim 74 and the inverse function theorem, shrinking U; if necessary, we can
assume that p; induces a biholomorphism from U; onto an open neighborhood V3
of (d,...,d) in C?!. In addition, shrinking further U, if necessary, we can assume
that U; is connected, Agcl) € = for all f € Uy and V; is invariant under the natural
action of G4_1.

Now, define the action % of G4_1 on Uy by

ox f=pr' (0 pi(f)) -
Denote by A the fat diagonal of C¢~!, which is given by
A= |J {Go . da2) €CTN =N
0<j<k<d—2
By (5.1), we have Afyl*)f = Agcl) € ZEfor all f € Uy and all o0 € &4_1. Moreover, for
each f € Uy \ p7'(A), the elements o * f, with o € &4_1, are pairwise distinct. It
follows from Lemma 72 that

(5.2) Vfe U\ pri(A), {g € Poly(C) : A = A;”} —{oxfioeGu,}.

In addition, we can describe conjugation in terms of this action. Define the cyclic
permutation

0'0:(0...d72)€6d_1.
Claim 75. We have o . f = ok * f for all f € Uy and all k € {0,...,d — 2}.

Proof. The set Uy \ p7 '(A) is a connected open subset of Poly7*°(C). Moreover, if
feU\p;*(A)and k € {0,...,d — 2}, then there exists a permutation o € G4_;
such that o . f = o * f by (5.2), as A((Jtl,z_f = Agcl), and hence o . f € Uy \ p; ' (A).
Thus, U; \ p7 ' (A) is invariant under the action of uy_1(C) = (@) by conjugation.
As a result, if j,k € {0,...,d — 2}, then there exists £ € {0,...,d — 2} U {0} such
that ¢!V (o . f) = o ¢{V (f) for all f € Uy \ py*(A), and we obtain £ = a5 *(j) by
letting f — fo. Thus, we have Cj(-l) (. f) = akC(l,)k(j)(f) for all f € Uy \ p7(A)
%0
and all j, k € {0,...,d — 2}. As a consequence, for each f € U; \ p; (A) and each
k€ {0,...,d—2}, we have p; (a* . f) = of - p(f) since the multiplier is invariant
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under conjugation, which yields a* . f = of * f. Thus, f+ o*. f and f > ok * f
coincide on Uy \ p;*(A), and hence they coincide on all of U; since Uy \ py *(A) is
dense in U;. This completes the proof of the claim. (Il

5.3. Multipliers at cycles with period 2. Here, let us examine the variations
of the multipliers at the cycles with period 2 on some open neighborhood U, of fj
in Polyy“(C).

First, the periodic points for fy with period 2 are the (d2 — 1)th roots of unity

that are not (d — 1)th roots of unity. Choose representatives wo, ..., waw-1 , for
2

271

the cycles for f with period 2. Setting 5 = exp (d271)7 we can take w; = o’ 3 for

all j € {0,...,d — 2} since these lie in pairwise distinct cycles for fy with period 2.
We have ( 6’2)/ (wj) =d? for all j € {O, . @ - 1}. By the implicit function
theorem, there exist an open neighborhood Us; of fj in Poly;“(C) and holomorphic
maps C](z): U; — C, with j € {O, ey @ — 1}, such that

G (fo) =w; and VfeUs, 122 (¢P(1) = ¢ ()

for all j € {O, ceey d(dT_l) — 1}. Shrinking Us if necessary, we may assume that Us

is connected and invariant under the action of p4—1(C) = (a) by conjugation. For
every f € Us, we have

dd=1)
o= T (:="0) (-1 (7)) -

Now, for j € {0, cee @ — 1}, define the holomorphic map pé-z): U; — C by
2 02\ [ ~(2
o2 = () () -
For every f € Us, we have
2 2 2
A = [0 0B 0)]
Define the holomorphic map

2 2 d(d-1)
p2_<p(())a"'7p(d()dl)l> U —»C 7.
2

d(d—1
2

Also denote by - the natural action of Gaw-1) on C : , which is given by

2

T - (AO7...,)\d(d2—1)71> = ()\T—l(o),...,)\T_l(d(dQ1)_1)> .

By the formula above,

(5.3)  Vf,g€Us AP = A® — (aT € G, palg) =T p2(f)> .

We may describe the behavior of p, under conjugation. Define 79 € Gaw-1) to
2

be the permutation such that, for each j € {O, ey @ — 1}, the point aw; lies

in the cycle for fy containing w,, ;). By the choice of wy, ..., w42, we have
(5.4) vVje{0,....,d =2}, 70(j)=7+1 (modd-—1)€{0,...,d—2}.
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Claim 76. We have p, (a* . f) = 75 - po(f) for all f € U and all k € {0,...,d—2}.

Proof. For every j € {0, cey @ — 1} and every k € {0,...,d — 2}, there exists
le {O, RN @ — 1} such that a‘kC](-Q) (ak . f) lies in the cycle for f containing

éQ)(f) for all f € Us, and we have ¢ = To_k(j) since a~*wj lies in the cycle for fo
containing wy by taking f = fo. Thus, for each f € Uy and each k € {0,...,d —2},

the point a‘kC]@) (ak . f) belongs to the cycle for f containing C(Q_)k (j)(f) for each
To

jE€ {0, cey d(dz_l) — 1}, and hence p, (a*. f) = 7§ - p,(f) because the multiplier

is invariant under conjugation. This completes the proof of the claim. O

Finally, define

(2
_ (9
A= < day, (f0)> 0< <D g © Md(d%l) X(d—l)((c)

O<k<d 2

to be the Jacobian matrix of p, at fo. By Lemma 73, we have

(5.5) Ay = (d(k . d)( (R d>))0< sy

0<k<d 2

5.4. Proof of Theorem C. Finally, let us conclude here our proof of Lemma 71
and deduce Theorem C.

By (5.2) and Claim 75, to prove Lemma 71, it suffices to show that there exists
a nonempty open subset U C U; \ p; *(A) of PolyT¢(C) such that

(56) VfEU, {JEGdfllAU*f—AQ)}:<O'0> .

Choose a connected open neighborhood Uy C Uy NUs of fy in Poly};'°(C) such that
Vo = p; (Up) € C471 is invariant under the natural action of G4_1, and define the
holomorphic map

d(d 1)
p=pyop; Vo> C 7
By (5.3), for every f € Uy and every o € S4_1,
A = AP = 3re Sawn, P % f) =7 pa(f)
= 3Ir€Guun, plo-pi(f)) =7-p(p(f)) -

Thus, to prove Lemma 71, it suffices to show that there is a nonempty open subset
V C V, of C4~1 such that

(5.7) YA eV, {a € Gy :37E€Gaun, plo-N) =7 p()\)} = (00) |

since U = p; }(V'\ A) would then satisfy (5.6).
By Claims 75 and 76, for every f € Uy and every k € {0,...,d — 2}, we have

p (05 -pi(f) = p2 (05 % [) = pa (& f) =75 - pa(f) =75 - P (1 () -
Therefore, we have

(5.8) YA€ Vo, Vk € {0,....d—2}, p (o6 - X) =75 - p(N).
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Thus, in view of (5.7), it is enough to prove that there is a nonempty open subset
V C Vy of C? ! such that p(o-A) #7-p(A) forall A € V,all 0 € G4_1 \ (0g) and
all 7 € Gau-1 .

2

( —
Now, identify elements of C%~! and C*F with column vectors. Define

A= AQA;I € Mawu-1) « (C)

(d—1)
to be the Jacobian matrix of p at (d,...,d) € C?! so that
p((d,....d)+h)=(d....,d°) + Ah+o(h) as h—D0.

Denote by x. the action of G451 on Maw-1) «( (C) that permutes the columns
2

d—1)
of matrices, which is given by

o X¢ (CO ‘ ‘ Cd_g) = (Co-—l(o) ‘ ‘ 0671((1_2)) .
Then M(c-h) = (0*1 X M) hforalloc € Gy_q1,all M € Ma@-n
2
h € C?=1. Therefore, for every o € G4_1, we have

p((d,....d)+0o-h)=(d*....d*)+ (07" xc A)h+o(h) as h—0,

X(d_l)((C) and all

and hence the Jacobian matrix of A — p(c- ) at (d,...,d) equals 0! x. A. Also

denote by x, the action of & 4a—1 on Mau-1) X(Ul_l)((C) that permutes the rows of
2 2

matrices, which is given by

Ry R0
T Xy =
Raw- R__ 1(d—1)
! T 1(%*1)

Then 7 - (Mh) = (’T Xy M)h for all T € Sawu-v, all M € ]\401(.171)><
3 3

h € C?1. Therefore, for every 7 € G aw—_1 , we have
2

(dfl)((C) and all

T-p((d,...,d)+h)=(d°....d°) + (T x; A)h+o(h) as h—0,
and hence the Jacobian matrix of A — 7- p(A) at (d,...,d) equals 7 x, A.
Thus, Lemma 71 follows easily from the result below.

Lemma 77. We have
{a €EGy1:ITEGau-1,0 X, A=7 x,.A} = (0p) -
2

Let us postpone the proof of Lemma 77 and finish our proof of Lemma 71 first.

Proof of Lemma 71. For each 0 € G4_1 \ {0p) and each 7 € S aw_1), the Jacobian
2

matrices of A — p(o-A) and A — 7-p(X) at (d,...,d) equal 071 x. A and 7 x, A,
respectively, and these two matrices are different by Lemma 77. In particular, for
every o0 € 64_1 \ (09) and every 7 € Gaw-1, the holomorphic maps A — p(o - A)

and A — 7 - p(A) are different, and therefore {AeVo:plo-A)#71-p(A)} forms a
dense open subset of V. As a result,

v=" N AeVo:plo-A)#7-p(N)}

€6 4-1\(00) TES 4(a—1)
2
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is a nonempty open subset of C¢~1, which is contained in Vg. Set U = p7 (V' \ A).
Then U is a nonempty open subset of Polymc((C) and we have

{g € Poly;(C) : Agl A(l) and A(2) } {a fike{0,...,d— 2}}
for all f € U by the previous discussion. Thus, the lemma is proved. O

To complete our proof of Lemma 71, it remains to prove Lemma 77. To do this,
we shall first show the result below. From now on, write

A= bﬁljk)ogjﬁ@—l .
0<k<d—2

Claim 78. The entries A, o, with j € {0, cee @ — 1}, of the first column of A

are pairwise distinct.

Proof. By Claim 74 and (5.5), we have

A —d (Pk (wy) , P (“@)

d d?
w; wj

for all j € {0, ceey @ - 1} and all k € {0,...,d — 2}. In particular, we have

A],O_d<Pou(]wj) (d2 )) _ (df1>F(wj)

J

for all j € {0,. . d(d D1 , where

F(T)=(d—1) (PO(T) B (Td)> € C(T).

T T

Recall that the points w;, with j € {O, ey @ -1

}, are representatives for the
cycles for fy with period 2. Moreover, the periodic points for fy with period 2 are
given by 37, with j € Z\ (d + 1)Z, where 3 = exp (d2277_il> as before. Therefore, it
suffices to show that

Vj,k€Z\(d+1)Z, F () =F (") = k=jorjd (modd®—1).

Now, note that Py(T) = 75 (T?ll ) which yields

Td=1 _1q Td(dfl) -1
TAT—1)  T®(T9—1)
Therefore, for every j € Z\ (d + 1)Z, we have

N I 1 1— i1 (841 — 1)2
P = pid (B —1) 5”(6” —1) ~ I (g7 —1) (Bl — 1)

since 44" = j3, and hence

| gt gy sin (57) " exp (22
v M ey

() (F ) ()

F(T) =
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Now, suppose that j, k € Z\ (d + 1)Z are such that F (7) = F (8*). Then there
exists £ € Z such that

2 2
s km
—jr  —kr sin (1) (—1)"sin (47
= —|— fm  and - - = .
d—1 d— sin (—dgil) sin (—j;ﬁ) sin (dé“ 1) sin (d’“gd_ﬂ)
Using basic trigonometric identities, it follows that
2 , 2
1—cos(d+1) 1—005(%>

k=j+4¢d—-1) and 4 . = ‘ .
cos (d+1> — cos (%) cos (%) cos (djﬂl)
Now, setting a = cos (d 1) note that the function ¢: (—1,1) \ {a} — R given by

o(x) = 17:1/’ is injective because a € [—1,1]. Therefore, cos (d+1) = cos (%)

which yleldb % = :I:dj_i’:1 (mod 27), and hence £ = 0 or j (mod d + 1). Thus,

k= j or jd (mod d? — 1), and the claim is proved. O

We shall now prove Lemma 77.

Proof of Lemma 77. For each k € {0,...,d — 2}, the two maps A — p (0’5 . )\) and
A= 78 - p(A) coincide according to (5.8), and hence they have the same Jacobian
matrix at (d,...,d). Thus, by the previous discussion,

(5.9) Ve {0,...,d =2}, 05" x. A=78 x, A.
Now, suppose that o € G4_1 and 7 € Gaw-1) satisfy 0 x. A =7 x, A. Write
2

o X, A= (Mj}k)ogjgd(dz—l)71 =T X, A.
0<k<d—2

Set £ = o(0), and let us prove that o = o§. By (5.9), we have
Ao,o = Mo,e = Ar—1(0).0 = Ar=1(0),02(0) = Artr-1(0),0
which yields 7, “7=1(0) = 0 by Claim 78, and hence 7=*(0) = £ according to (5.4).
As a result, for every k € {0,...,d — 2}, we have
Ao,rl(k) = Mo,k = Ae,k = Afg(o),k = Ao,%—f(k)
by (5.4) and (5.9). Moreover, Ag = A —k(g),o for all k € {0,...,d -2} by (5.9),
and hence Ao, ..., Ay 4—2 are pairwise distinct by (5.4) and Claim 78. Therefore,

o~ (k) = o5 (k) for all k € {0,...,d — 2}, and hence o = o§. Thus, the lemma is
proved. O

Thus, our proof of Lemma 71 is complete. To conclude, we simply observe that
Theorem C follows immediately. For completeness, we include details.

Proof of Theorem C. For P > 1, denote again by ZEZP) the scheme-theoretic image
of Multglp). Then we have

dim (25?) > dim (zfl”) =d—1=dim (P,)

1)
— A4 onto

because E(l) is the image of 2(2) under the projection p;: A%

6

the first factor. Consequently, the induced morphism Mul Pqg — E( ) has some
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finite degree D > 1. There is a nonempty Zariski-open subset W of 2(2) such that

every o € W(C) has exactly D preimages under Mult{(f): Pa(C) — 2(2)(((:). Now,
consider the preimage V of W under Mult((f). Then V is a nonempty Zariski-open

subset of Py. For every [f] € V(C), there are exactly D elements [g] € P4(C) such
that A(l) Af A(z) A;Q). By Lemma 71, there is a nonempty open subset
U of Poly;°(C) buch that, for every f € U, the elements g € Poly;°(C) such that
A(l) A(1 and A(g) = A(2 are precisely the o . f, with k € {0,...,d — 2}. Now,
consider the image V' of U under the holomorphic map 77 Polyy“(C) — P4(C),
via the biholomorphism Py (C) = P°(C). Then V' is a nonempty open subset of
P4(C). Furthermore, each [f] € V' is the unique [g] € Py(C) such that Agl) = Agcl)
and Agz) = A}Q). Finally, note that V(C) NV’ # @, as V(C) is dense in Py(C) for
the complex topology. Thus, we have D = 1, and the theorem is proved. O

APPENDIX A. ADDITIONAL ESTIMATES ON MULTIPLIERS OF POLYNOMIAL MAPS

In this section, we again fix an integer d > 2.

A.1. Upper bounds on absolute values of multipliers. As mentioned in the
introduction, it is not difficult to obtain upper bounds on the characteristic expo-
nents of polynomial maps at periodic points in terms of the maximal escape rate.
For completeness, let us give here some details.
Given a valued field K, we denote by |.|i its absolute value and by ||.|| ga-1 the
norm on K% 1 given by
c|lga-1 = max Ci for e¢=(c1,...,cq_1) € K91,
lellos = max el (et s can1)
We shall also work again with the normal form introduced by Ingram in [Ing12].
Given a field K of characteristic 0 and ¢ = (c1,...,cq_1) € K971, we define

1 JT '
2%+ ] 2979 € Poly,(K),

&\H

Jfe(z

=1

<.

where 71(¢), ..., 74—1(c) are the elementary symmetric functions of ¢1,...,cq—1.

For our purposes, we shall use the generalization of Claims 51 and 53 below. As
it can be derived in a similar way, by using the triangle inequality and elimination
theory, we omit the proof.

Claim 79. Assume that K is an algebraically closed valued field of characteristic 0.
Then there exist g € Rsg and Ag € R both depending only on the restriction of
|.|x to Q such that gy (z) > log™|z|x + Ak for all ¢ € K971 and all z € K such
that |z|x > 0k |le|| ga—1. In addition, there exists some Fx € R depending only on
the restriction of |.|x to Q such that My, > log™||c|/ a1 + Ex for all ¢ € K91,
Furthermore, we can take dx = 1, Ax = 0 and Ex = 0 if K is non-Archimedean
with residue characteristic 0 or greater than d.

Finally, we obtain the following result:

Proposition 80. Assume that K is an algebraically closed valued field of charac-
teristic 0. Then there exists Bx € R depending only on the restriction of |.|x to Q

such that Mj(cp) < (d—1)M; + Bk for all f € Poly,(K) and all p > 1. Moreover,
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we can take By = 0 if K is non-Archimedean with residue characteristic either O
or greater than d.

Proof. By conjugation, we may restrict our attention to the polynomials f., with
c € K1, Define
1+ max {0x,exp (—Ag)} if K is Archimedean
£ =
K max {1,0x,exp (—Ak)}  if K is non-Archimedean

and

Bg = (d— 1) (log(sK) — EK) eER,
with 0 € Ryg, Ag € R and Ex € R as in Claim 79. Note that Bx depends only
on the restriction of |.|x to Q@ and we have Bx = 0 if K is non-Archimedean with
residue characteristic 0 or greater than d. Now, suppose that ¢ € K?~!, p > 1 and
zp € K is a fixed point for fP. For every j € {0,...,p — 1}, as gy, (fgj (zo)) =0,
we have

&7 (20)] ¢ < max {3k [|€ll a1, exp (~Ax)}

< max {dx,exp (—Ak)} - max {1, ||| ga-1}
by Claim 79. Therefore, for every j € {0,...,p — 1}, we have

d—1
720527 (0)) e = T 17 (20) — o ¢ < e max {1, flef a1}
=1

by the triangle inequality. As a result, we have
1 opy/ 1 = / oj
S 1og (£ (o) ¢ = 5D _log |fe (47 (20)) [ ¢
=0

< (d—1)log"|e||ga-1 + (d —1)log ()
< (d—-1)My, + Bk
by Claim 79. This completes the proof of the proposition. [

Remark 81. In [Buf03], Buff used de Branges’s theorem to show that we can take
Be = 2log(d) in the statement of Proposition 80.

As an immediate consequence of Proposition 80, we obtain an upper bound on
the heights of multipliers of polynomial maps in terms of the critical height.

Corollary 82. There exists some B € R such that H}p) < (d—1)Hy + B for all
f € Poly, (@) and all p > 1.
A.2. Lower bounds on absolute values of multipliers. Finally, let us obtain
here a lower bound on the absolute values of multipliers of polynomial maps whose
critical points all escape.

Suppose that f € Poly,(K), with K an algebraically closed valued field of char-
acteristic 0. We define the minimal escape rate my of f by

my =min{gs(c) : c € K, f'(c) =0} .

Also, for p > 1, we define

1

m?) = min <log+|)\|) ,

I (
AeAP \P
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where |.| denotes the absolute value on K.

As a consequence of Lemma 32 in the Archimedean case and Lemma 61 in the
non-Archimedean case, we obtain the result below. In the complex setting, it is a
slightly weaker version of [EL92, Theorem 1.6).

Proposition 83. Assume that K is an algebraically closed valued field of charac-
teristic 0 that is either Archimedean or non-Archimedean with residue characteristic
0 or greater than d and f € Poly,(K). Then mgcp) > (d—1)my for allp>1.

Proof. First, assume that K is endowed with an Archimedean absolute value |.|s.
Then, by Ostrowski’s theorem, there exist an embedding o: K — C and s € (0, 1]
such that |z|oc = |o(2)|” for each z € K, where |.| is the usual absolute value on C.
We have my = s - m,(y) and m}p) =5s- mff?f) for each p > 1. Thus, replacing f by
o(f) if necessary, we may assume that f € Poly,(C). Note that the desired result
is immediate if my = 0. Now, suppose that my > 0. Choose an integer k > 0 such
that d*m; > M;. Suppose that 2o € C is a periodic point for f with period p > 1.
For j € {0,...,p — 1}, denote by U; and V; the respective connected components
of {gf <m¢} and {gf < d-my} containing f° (zp). Then U; contains no critical
point for f for all j € {0,...,p — 1}. By the Riemann-Hurwitz formula, it follows
that f induces a biholomorphism from Uj to Vji1 (mod p) for all j € {0,...,p—1}.
Therefore, by Lemma 32, we have

1 d—1 (%=1
~log |(f) (20)| = —— [ D] - | dtmp = (d=1)my,
p r \=zd

where d; < d" is the degree of f°%: V; — {g; < d*"'my} for all j € {0,...,p—1}.
This completes the proof of the proposition in the Archimedean case.

Now, assume that K is endowed with a non-Archimedean absolute value |.| and
the associated residue characteristic either equals 0 or is greater than d. Note that
the desired inequality is immediate if the absolute value |.| is trivial or if m; = 0.
From now on, suppose that |.| is not trivial and my > 0. Choose an integer k > 0
such that dkmf > My. Suppose that zp € K is a periodic point for f with period
p > 1. We have g5 (20) = 0. By Lemma 54, the sets {g; < m} and {gy < d-my}
are finite unions of disks. Thus, for j € {0,...,p — 1}, define U; and V; to be the
respective disk components of {gf < m¢} and {gr < d-my} that contain f°7 (zp).
Then U; contains no critical point for f for each j € {0,...,p —1}. As a result, it
follows from Lemmas 47 and 49 that f induces a bijection from U; to Vi1 (mod p)
for each j € {0,...,p — 1}. Therefore, by Lemma 61, we have

1 d—1 (%21
“log |(£7) (20)| = —— [ D] o | d"mys > (d = 1)my,
p A e

where d; < d* is the degree of f°%: V; — {gf < d’“‘lmf} forall j € {0,...,p—1}.
This completes the proof of the proposition in the non-Archimedean case. O

APPENDIX B. ABOUT ISOSPECTRAL POLYNOMIAL MAPS

B.1. Examples of isospectral polynomial maps of composite degrees. As
mentioned in the introduction, the multiplier spectrum morphisms are not always
isomorphisms onto their images. In fact, there are nonconjugate polynomial maps
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of any composite degree that have the same multiset of multipliers for each period.
Although it is already known, let us detail this here for the reader’s convenience.
To exhibit isospectral polynomial maps, one can use the following result:

Proposition 84 ([Pakl19b, Lemma 2.1]). Assume that K is an algebraically closed
field of characteristic 0 and f € Poly, (K) and g € Poly (K), with d,e > 2. Then

Agf))g = A;’?f forallp > 1.

Proof. For each p > 1, we have go (f 0 g)°? = (g o f)°P o g, and hence g sends any
periodic point for f o g in K with period p to a periodic point for g o f in K with
period dividing p. Similarly, f sends any periodic point for g o f in K with period
p > 1 to a periodic point for fog in K with period dividing p. Moreover, the map
f o g induces a permutation of its set of periodic points in K, which preserves the
periods. Therefore, g induces an injection from the set of periodic points for f o g
in K into the set of periodic points for g o f in K, which preserves the periods. In
fact, this map induced by g is a bijection as g o f also permutes its periodic points
in K. Finally, for each periodic point zy € K for f o g with period p > 1, we have

(9o )™)Y (g(z0) = [ [T £ (9o )P ogz0) | [ [] 9 (folgo )7 og(z))
j=0 j=0
=TI F (9o (fo9)? ) | | I ((fo9)? (20))
Jj=0 j=0
= ((fo9)") (20) .

Thus, the map ¢ induces a bijection from the set of periodic points for fo g in K
onto the set of periodic points for g o f in K, which preserves the periods and the
multipliers. This completes the proof of the proposition. O

As a direct consequence of Proposition 84, we obtain the following;:

Corollary 85. Suppose that d > 2 is not a prime number. Then, for each P > 1,

)

the morphism Multﬁlp is not injective.

Proof. Assume that d = dyds, with dq,ds > 2, and define

f(2) =24 +1€Poly,(@) and g(z) = (@ +1)™ € Poly,(Q).
Then we have f = hy o hy and g = hy o hy, where hy(2) = 2% 4+ 1 € Poly, (Q) and

ha(z) = 2% € Poly, (Q), and therefore Mult|” ([f]) = Mult!"” ([g]) for all P > 1
by Proposition 84. However, [f] # [g] in P4(Q) because f has only 1 critical point
in C whereas g has exactly d; + 1 critical points in C. This completes the proof of
the corollary. [

Actually, it is suspected that Proposition 84 is the unique source of examples of
nonconjugate isospectral polynomial maps (see [Pak19a, Problem 3.1]).

B.2. The case of quartic polynomial maps. Finally, as isospectral polynomial
maps of degree 2 or 3 are necessarily conjugate, let us investigate the situation for
polynomial maps of degree 4.

Using explicit expressions for the multiplier spectrum morphisms, we show here
that the pairs of nonconjugate isospectral quartic polynomial maps all come from
Proposition 84. More precisely, we obtain the following result:
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Proposition 86. Assume that K is an algebraically closed field of characteristic O
and f,g € Poly,(K) satisfy A;l) = A_gl) and ASCQ) = A_((JQ). Then [f] = [g] in Pa(K)
or there exist hq, ho € Poly,(K) such that f = hy ohg and g = hy o hy.

Proof. We shall first work with monic centered quartic polynomials. Recall that
Polyy*® = {z4 + a9z’ + a1z + ao}
and that the algebraic group p3 = {w : w® = 1} acts on Poly}*® by
W . (24 + a222 + a1z + ao) =4 + w*1a222 + a1z +wag .
Therefore, as P*¢ = Poly}'“ /us, we have

Q [Pinc] = Q [POlyf,LnC]HS = Q[aaﬁa’77 6] )

where

a=a, B:ag, vzag and 6 = agas .

Now, for h1(z) = 22 + ¢; € Polyy'™ and ha(2) = 22 + co € Polys'™, we have

ap = cg +c1
hiohs(z) = 22t as?+aiz+ao € Polyy®, with a1 =0 ,

g = 262

and [hy o ho] = [he o k1] in PPC if and only if ¢ = ¢3. Thus, setting

Sinc = {[hl o hg] : hl,h2 € Polyr2n0} - Pinc
and
ETC = {[hl o hg] thy,he € POlyran, [hl o hg] = [hg o hl]} - Sinc7
we have

SPe={a=0} and LP°={a=0}Nn{648>—~7>+12v5—485° -8y =0} .

For simplicity, write s; = USJ)- for j e {1,...,4} and t; = Uf} for j € {1,...,6}, so
that
Multf) = (81,...,84,t1,...,t6) : PP — AL°
via the natural isomorphism P, = Pj*¢. Using the software SageMath, we obtain
$1=—-8a+ 12,
59 = 1802 — 60cr 4 4y — 168 + 48,
54 = —27a* + 1080 — 4o’y + 144026 — 1440 + 8ay — 288ad
+ 1678 — 12852 + 64 + 2563 + 1286 ,
to = 27a* + 3240° + 402y — 144026 + 144002 + 240y — 8648
— 1670 4 12862 + 2880 — 2563 + 967y — 5126 + 3840 .
Then, using elimination with the software SageMath, we obtain
e an expression for v as an element of Q [s4]:

-1 3
(Bl) Oé:§51+§,
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e a polynomial equation in ¢ with coefficients in Q [s1, s2, 84, t2], degree 1 and
leading coefficient a constant multiple of s; — 12:

(B.2) 2048 (51 — 12) 8 — 95} + 66057 — 165155 — 1995251 + 57655 — 1654 — 1615
4202944 = 0,

e a polynomial equation in § with coefficients in Q [s1, s2, S4, 2], degree 2 and
constant leading coefficient:

(B.3) 104857607 + 512 (31557 + 4s3 — 3624s1 — 35255 — 1254 + 4t — 9552) §
— 95252 + 36725759 + 815254 — 6357ty — 245153 — 34424057 — 1244165, 59

+ 11685154 + 78451ty + 484853 — 6728954 — 160s9ts + 53 + 254t9 + 5
4 714432051 + 153715255 — 124325, — 11664t5 — 12936960 = 0,

e an expression for § as an element of Q[d, s1, s2, S4, ta):

—3 3 1 31 1
— 75 2 Y2 752 76 . 75
B = 500801 T Gsa3e 12 T 10 T 25600 T 610
103 1 1 1 127
B.4 iy U - — gty — —§
(B4) 16384°1 ~ 2048°1%% 7 65536°1°* T 6553612 128
1007 69 55 9 7131

~9048° T 200672 T 16384% T 1638472 T 1024

e an expression for v as an element of Q [0, s1, 2, S4, t2]:

(B.5) 72%5%—&—45—%51—1—%324—;.

In particular, by (B.1) and the discussion above, we have S§*® = {s; = 12}. Thus,
by the relations (B.1), (B.2), (B.4) and (B.5), each element [f] € PP(K)\ SP(K)
is the unique [g] € P}**(K) such that Multf) (lg) = Multf) ([f])- Now, note that

every element of K0 has at most two preimages in P¢(K) under Mult!?) by the
relations (B.1), (B.3), (B.4) and (B.5). Moreover, for all [f] = [h; o ha] € SP°(K),
with hy, he € Polyy'“(K), the elements [hy o he] and [ha o hq] of P*(K) are both
preimages of Multff) ([f]) under Multf) by Proposition 84, and these elements are
distinct if [f] € SP°(K) \ LP(K). As a result, for every [f] = [h1 o ho] € SP(K),
with hy, hgy € Polyy'(K), we have
Wlg) € Py (K), Mults? ([g]) = Mult$? ([f]) <= [g] = [h1 o ha] or [ha 0 hy]

since L}'° is a proper Zariski-closed subset of S}"°.

Finally, assume that f, g € Poly,(K) satisfy A(fl) = Agl) and A?) = Ag). Then,
using the natural isomorphism P, = P;*°, it follows from the discussion above that
[f] = [g] in Pa(K) or there exist hy, he € Polyy'*(K) such that [f] = [h1 o ha] and
[g9] = [h2 o hq] in P4(K). In the latter situation, there are ¢, € Aff(K) such that
f=¢.(hiohs) and g =1 . (hg o hy) in Poly,(K), and this yields f = k; o ko and
g =kyoky, where ky = ¢pohy oy~ and kg =9 o hy 0 ¢~ 1. Thus, the proposition
is proved. ([l
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